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Abstract. Let H be the fixed point group of a rational involution 
(7 of a reductive p-adic group on a field of characteristic different 
from 2. Let P be a cr-parabolic subgroup of G i.e. such that a{P) 
is opposite to P. We denote by M the intersection with cr{P)- 
Kato and Takano on one hand, Lagier on the other hand associ- 
ated canonically to an iZ-form, i.e. an _ff-fixed linear form, ^, on 
a smooth admissible G-module, V , a linear form on the Jacquet 
module ip{V) of V along P which is fixed by M n H. We call 
this operation constant term of _ff-fixed linear forms. This con- 
stant term is linked to the asymptotic behaviour of the generalized 
coefficients with respect to f . 

P. Blanc and the second author defined a family of i7-fixed linear 
forms on certain parabolically induced representations, associated 
to an M n iJ-fixed linear form, 77, on the space of the inducing 
representation. 

The purpose of this article is to describe the constant term of these 
i/-fixed linear forms. 

Also it is shown that when 77 is square integrable, i.e. when the 
generalized coefficients of 77 are square integrable, the correspond- 
ing family of _ff-fixed linear forms on the induced representations 
is a family of tempered, in a suitable sense, of i7-fixed linear forms. 
A formula for the constant term of Eisenstein integrals is given. 



1. Introduction 

Let F be a non archimedean local field of characteristic different from 
two. The hypothesis on the characteristic of the residue field in the 
first version of the article has been removed (see Proposition 2.3 and 
section 10). 
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Let G be of F-points of a connected reductive algebraic group defined 
over F. Let X{G) be the group of unramified characters of G and let 
Ag be the maximal split torus of the center of G. 
Let (T be a rational involution of G defined over F and let H be equal 
to the fixed point group of G (a slightly weaker assumption is made in 
the main body of the article). Let X{G)a be the connected component 
of 1 in the group of elements x of X{G) such that x° cr = x~^- 
If (tt, V) is a smooth representation of G, an if-form, ^, on V is an 
if- fixed element of the algebraic dual V of V i.e. ^ e V'^ . We know 
(cf. [D3], Theorem 4.5) that if V is of finite length the vector space of 
if-forms on V is finite dimensional. We will denote by V the smooth 
dual of V. 

A parabolic subgroup of G is called a cr-parabolic subgroup if and only 
P and P~ := ct(P) are opposite (studied by A. Helminck and Wang, A. 
Helminck and G. Helminck, cf. [HW] and [HH]). Then M :^Pr\a{P) 
is the (7-stable Levi subgroup of P and PH is open in G. Let U be 
the unipotent radical of P. If (tt, V) is a smooth representation of G, 
(ttp, Vp) will denote the normalized Jacquet module along P and 

jp:V ^ Vp, V ^ Vp, 

will denote the canonical projection. 

By the Second adjointness Theorem (Casselman, Bernstein, cf. [C], 
[Be], [R]) {V)p- is canonically isomorphic to {VpJ, i.e. there exists a 
canonical non degenerate pairing between {V)p- and Vp, denoted by 
(., .)p. Let us assume moreover that (tt, V) is of finite length. Let tt' 
be the contragredient representation of tt on V. 

Independently Kato-Takano [KTl] and Lagicr [L] have associated to 
each H-iorm ^ on an M fl H-iorm jp-^, denoted also ^p-, on Vp 
such that, for all v eV, there exists e satisfying: 

Sp^^'^{a){^,TT{a)v) = {{^p-,7rp{a)vp),a e ^m(^) 

where A]^[e) is some translate of the negative Weyl chamber in the 
maximal split torus. Am, of the center of M and 6p is the modulus 
function of P. This is a characteristic property of ^p- which describes 
the asymptotics of generalized coefficients. The linear form ^p- will be 
called the constant term of ^ along P. 

For X a " {P, i?)-good" compact open subgroup of G, one has : 

{^P-,vp) = {{eKOp-,vp)p,v e V^. 

There exists arbitrary small "(P, if )-good" compact open subgroups of 
G (Kato-Takano [KTl], Lemma 4.6 and Lagier [L], Theorem 1 (ii)). 
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Hence ^p- is determined by the various {ckOp- where ex is the nor- 
mahzed Haar measure on K and is the smooth hnear form defined 
by: 

{eKi,v) = {i,eKv), V eV. 

P. Blanc and the second author defined famihes of i?-forms on parabol- 
icaUy induced representations (cf. [BD]). 

The purpose of this article is to describe the constant term of these 
if-forms. 

For this we prepare several tools. 

First we introduce two operations on i7-forms on induced representa- 
tions. 

The first one is denoted Jq-o. 

Let P — MU be a parabolic subgroup of G, as above. Let (5, E) be 
a smooth representation of finite length of M and let i^E be the nor- 
malized parabolically induced representation. Our choice is such that 
the elements of i%E are left covariant £^-valued functions and G acts 
by the right regular representation. Let {Q,Q~) be a pair of opposite 
parabolic subgroups of M. Let Pq = QU C P, Pq- — Q~U C P. 
We define an homomorphism of G-modules 

jQ-o:{i$Ey^{i$^_EQy, 
as the composition of four maps: 

i^ET^ i%E A i%^_mQ-) 4 i^AiEQY) ^ {^p^_Eq)\ 

where the first and the last maps are deduced from the equivalence 
between the smooth dual of a parabolically induced representation and 
the parabolically induced representation of the smooth dual, where / 
is given by the composition with jq- and g is the induced map of the 
isomorphism between {E)q- and (£'Q)"'given by the Second adjointhess 
Theorem. 

This operation on smooth hnear forms easily extends to if-form: one 
associates to an if-form, ^, on i^E, an if- form jq- o ^ on _ {Eq). 

Let Pi = MiUi be a parabohc subgroup of G such that P C Pi, 
M C Ml and such that PiH is open. The second operation is denoted 

Let ^ be an if-form on ipE. Inducing in stage, ^ is an if-form on 
i$^Ei where Ei := i^^^^E. The linear form might be viewed as an 
i?i-distribution which is right invariant by H and left covariant under 
Pi. The restriction of this distribution to the open set PiH is simply 
a function. Its value at 1 is denoted tmiC ^ (-E'l)'^^'^^. 
The next tool is what we call the Generic basic geometric Lemma. 
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Let P = MU be a a-parabolic subgroup of G. Let {6, E) be a finite 
lengtfi smootfi representation of M. Let X{M)fj be the neutral compo- 
nent of (T-antiinvariant elements of X[M). If x G X(M)o^, we denote 
by the space of the representation 5^ := 5 ® x- If G G and X is 
a subset of G, x.X will denote xXx~^. Then x8 is the representation 
of x.M on xE :— E, such that, if m e M, x5{xmx~^) = 5{m). We 
denote by A the left regular representation of G acting on functions on 
G. 

Let P' = M'U' be an other cr-parabolic subgroup of G. Then we have 
the following result that we call the Generic basic geometric Lemma 
(or rather its dual version). 

Lemma For a good choice W {M'\G / M) of a set of representatives of 
P'\G/P, one defines successively for w e W{M'\G/M): 

'■— ^M'n«;.P'"^((-^x)Mn«)-i.P')> 

= (M n w-\p'-)u, Pi = {M' n w.P)U', 

and for x in a suitable open dense subset of X{M)„: 

the transpose of the intertwining integral *A{w.Pw, P^jWjMnw-^.P'^x) 

and P^^^ : {i%E^y ^ (^x,^)^' ^V- 

so that (3 := ®w&w{m'\g/m)Px ' {ip^xY^ {®weP'\G/pXy,y goes through 
the quotient to an isomorphism: 

Px ■■ ((ipExY)p'- ^ X^, 
where Xy^ — ®wew{M'\G/M)X^^yj. 

The proof of the Generic basic geometric Lemma requires the study 
of bijectivity of intertwining integrals and the notion of infinitesimal 
character linked to the Bernstein center. This notion allows to show 
that, for X in an open dense subset of X{M)„, two distincts X^^^j do not 
have irreducible subquotients in common. The end of the proof uses 
the Basic geometric Lemma which describes the graded of a natural 
filtration of the Jacquet modules of parabolically induced representa- 
tions. 

Prom our isomorphism : {{ipE^) ~)p'- — > Xy., Xy. identifies with 
{ipE^)p', by the second adjointness theorem. Hence, if ^ is an i7-form 
on ipE^, ^pi- identifies with a linear form denoted again ^p'_ on X~^, 
with components Cp'-,^ G (X^,^)'. 

By reduction to the e^C) and by unwinding the definitions, one proves 
a preliminary result: 
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Theorem 1 For x in (in open dense subset of X^M)^,: 

^P'-,u, = ^M' o ^A{w.Pyj,P^,wjMnw-KP'S) o K'w) °JMnw-\p'- ° ^■ 

To simplify the exposition, we assume, only in the introduction, that 
there is only one open double (P, if)-coset, PH. Due to Blanc and 
the second author (cf. [BD], Theorem 2.8, whose proof adapts to the 
weaker hypothesis on F of this article), for rj e e'^^^ , there exists 
a unique rational map on X{M)^, x ~^ CiP^^x^v) ^ i^p^x) ^ i with 
fM^{P,S^,r]) = 7]. 

Let Q be a cr-parabolic subgroup of G whose cr-stable Levi subgroup is 
equal to M. Then one sees that there is a rational map on X{M)cr (the 
analogous of the S-matrices of van den Ban, [Ba]), x ^ B{Q, P, S-^) G 
End(£;'^"^) such that: 

U(P, g, 5)i{P, S^, rj) = ^{P, S^, B{Q, P, 5M- 

An if-form on a finite length smooth representation of G, (vr,!/), is 
said cuspidal or if-cuspidal if one of the equivalent statements holds 
(Kato-Takano [KTl]): 

1) ^p- = for every proper a-parabolic subgroup, P. of G. 

2) For all V G V, cj^„ G C°°(if\G) is compactly supported mod-center 
where: 

Assuming that (tt, V) is irreducible and unitary, an iJ-form is said 

square intcgrablc if the c^^^ are square integrablc on H\G/Ag- 
Kato and Takano (cf. [KT2]) have characterized a square integrable 
i7-form ^ by a property, for each cr-parabolic subgroup of G, P = Mt/, 
of the eigenvalues of Am acting on the hnear span of the translates of 
jp-{ by elements of Am- These eigenvalues are called the exponents of 
^ along P. 

We define similarly the tempered i7-forms. 
Theorem 2 

Let T) e E'^^". Ifxe X{M)^ we denote by the H-form ^(P, 5^, rj), 
when it is defined. 

(i) Let us assume that {Cx)p'-,w is non identically zero when x varies 
in X(M)o., one may change w in the same double {P' , P)-coset such 
that: 

a) M'Hw.P is a a-parabolic subgroup of M' , Mr\w~^.P' is a a-parabolic 
subgroup of M, P^, P^ andw.P^ are a-parabolic subgroups of G. 

b) The exponents of along P' are explicitely controlled by the expo- 
nents of T) along certain a-parabolic subgroups of M. 

(a) With these choices of w, if rj is cuspidal, one has w.M C M' , 
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M n w-^.P'- = M, so that Pyj = P and 

(ex)p'-,. = n w.P, wS^, B{P:^, w.P, wSM- 

(Hi) Iff] is square integrable and x is unitary, then is tempered. The 
notion of weak constant term of tempered H-forms is introduced and 

computed for . 

(iv) The B-matrices preserves cuspidal (resp., square integrable) Mfl 

H-forms. 

Remark 

(a) As expected, when 77 is cuspidal and P' is too small, ^p'- vanishes, 
by (ii). 

b) The analogous of part (iii) for real groups is the main result of [Dl]. 
The long proof used the description of relative discrete series by Os- 
hima and Matsuki. Our proof here does not need such a knowledge. 
It would be interesting if one could find a proof of this result of [Dl] 
avoiding the description of the relative discrete series. 

Let us state the two main key lemmas of the article and let us ex- 
plain how they lead to (i) a) and to (ii) of the Theorem above. 
First key lemma 

Let P be a parabolic, not necessarily a a-parabolic, subgroup of G. Let 
Aq be a a-stable maximal split torus of P, which exists, and let M be 
a Levi subgroup of P with Aq C M. Let 5 be a smooth representation 
of M of finite length. 

Let (^^) be a smooth family of H-forms on ip{S^), with x m a neigh- 
borhood of 1 in a complex subtorus of X{M), X. 
Let us assume that PH is contained and open in the support of the 
family (^^). 

Then the elements of X are anti-invariant by a. 

Moreover, if there exists x strictly P-dominant in X, then P is a a- 
parabolic subgroup of G. 

Applying this to the family ^p'_ ^ (with G replaced by M', and P by a 
suitable conjugate in M' of M' (Iw.P), one sees why, in Theorem 2 (i) 
a), one can take M' n w.M to be a cr-parabolic subgroup of M'. Then 
it is possible to refine the choice of w to get (i) a). 
Let us assume now that rj is cuspidal. If M fl w~^.P' is different from 
M, it is not possible to see directly that Cp'-.w zero. What is eas- 
ily seen in that case, from the cuspidality of rj, is that jMnw-^.P' ° ^ 
vanishes on the open (P„,, double cosets, hence its support has an 
empty interior. 

Second key lemma: The intertwining integrals in the definition of 
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^p'- w preserve this property. 

This was suggested by a Lemma of Matsuki on orbit closures of orbits 
of parabolic subgroups on a real reductive symmetric space. 
Applying Tm' to something which vanishes on all open (P^, if) -double 
cosets, you get something which vanishes on all open (M' fl w.P, M' fl 
ii)-double cosets. The last ingredient is (cf. [BD]) is that for x-generic, 
an ii-form on i^Ey^ is determined by its restriction to open (P, H)- 
double cosets. This is applied to M' instead of G. 
The computation of ^pi- ^, when M fl w~^.P' = M follows from The- 
orem 1. The last statement, which says that P- matrices preserve cus- 
pidal M n if-forms, comes from the hereditary properties of jp'- and 
the fact observed in the remark, that for P' small enough jp'-$, = 0. 
Theorem 2, together with the determination of part of the Casselman 
pairing for parabolically induced representations, leads to the determi- 
nation of the constant term and the weak constant term of Eisenstein 
integrals for p-adic reductive symmetric spaces in terms of the corre- 
sponding C-functions. 

This work is an important step towards the Plancherel formula and 
the Paley- Wiener theorem for reductive p-adic symmetric spaces. 
The role of this type of results might be seen in the p-adic case in [Wal] 
for the work of Harish- Chandra on the Plancherel formula for p-adic 
groups, and [D4], [D5] for Whittaker functions. 

For real reductive symmetric spaces, see also [Dl], [CarD] for results 
analogous to the ones of this article and [D2] for their use for the 
Plancherel formula. 

2. Notations 

2.1. Reductive p-adic groups. If is a vector space, E' will denote 
its dual. If E is real, Ec will denote its complexification. 

If G is a group, g & G and X is a subset of G, g.X will denote gXg^^. 
If J is a subgroup oi G, g e G and (tt, V) is a representation of J, V"^ 
will denote the space of invariant elements of V under J and (gn, gE) 
will denote the representation of g.J on gE :— E defined by: 

{9T^){9X9~^) — 7r(x),x e J. 

We will denote by (tt', V) the contragredient representation of G in the 
algebraic dual vector space V of V . 

If y is a vector space of vector valued functions on G which is invariant 
by right (resp., left ) translations, we will denote by p (resp.. A) the 
right (resp., left) regular representation of G in V. 
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If G is locally compact, dig will denote a left invariant Haar measure 

on G and Sq will denote the modulus function. 

Let F be a non archimedean local field. Unless specified we assume: 

/r, 1 X The characteristic of F and of its residue field are different 
^ ' from 2. 

Let |.|f be the absolute value of F. 

We will use conventions like in [Wal]. One considers various algebraic 
groups defined over F, and a sentence like: 

f2 1) " ^ be a split torus " will mean "let A be the group of 
^ ' ' F-points of a torus, A, defined and split over F " . 

With these conventions, let G be a connected reductive linear algebraic 
group. 

Let A be a split torus of G. Let X^{A) be the group of one-parameter 
subgroups of A. This is a free abehan group of finite type. Such a 
group will be called a lattice. One fixes a uniformizing element w of 

F. One denotes by A{A) the image of X^{A) in A by the morphism of 
groups A I— 7> A(^)- By this morphism A{A) is isomorphic to X*(A). 

If (P, P~) are two opposite parabolic subgroups of G, we will denote 
by M their common Levi subgroup and by Am or A the maximal split 
torus of its center. We denote by U (resp., U") the unipotent radical 
of P (resp., P~). 

Let A~ (resp., A ) be the set of P antidominant (resp., strictly an- 
tidominant) elements in A. More precisely, if E(P, A) is the set of roots 
of A in the Lie algebra of P, and A(P, A) is the set of simple roots, 
one has: 

A~ {resp.,A''~) = {a e A||Q;(a)|F < 1, {resp.,< 1) a e A{P,A)}. 

We define similarly A'^ and by reversing the inequalities. One 
defines also for £ > 0: . 

A-{e) = {ae A\\a{a)\F <s, ae A{P,A)}. 

If Aq is a maximal split torus of G, a maximal compact subgroup of 

G, Kq, will be said Ao-good if it is the stabilizer of a special point of 
the apartment associated to of the Bruhat-Tits building of G. We 
choose such a Kq. Let Mq be the the centralizer in G of and let Pq 
be a minimal parabolic subgroup of G with Levi subgroup Mq. If P 
is a parabolic subgroup of G which contains Aq, we denote, if there is 
no ambiguity, by P~ the opposite parabolic subgroup of G to P which 
contains Aq and by M the intersection of P and P~. 
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For the following result, see [C], Prop. 1.4.4: 

There exists a decreasing sequence of compact open sub- 
groups of G, Kn, n e N, which forms a basis of neighbor- 
hoods of the identity in G, such that for all n G N*, J ~ Kn 
is normal in Kq and such that or every parabolic subgroup, 
(2 2) which contains Po, one has: 

1) The product map J[/- x Jm x Jj/ ^ J is bijective, where 

Ju- ^ jniJ-, Jm ^ JriM, Ju ^ Jn u. 

2) For all a e A~, aJua"^ C Ju, a~^Ju-a C Ju-- 

3) Jm satisfies the same properties for M, Aq and Pq fl M. 

One says that a compact open subroup of G, J, has an Iwahori factor- 
ization with respect to {P,P~) if 1) and 2) arc satisfied. 
If J is an algebraic group, one denotes by Rat (J) the group of its 
rational characters defined over F. Let us define: 

ao = Homz(Rat(G'),K). 

The restriction of rational characters from G to Aq induces an isomor- 
phism: 

(2.3) Rat(G) ®z K ~ RatiAo) <^z ^■ 

Notice that Rat(AG) appears as a generating lattice in the dual space 
of aa and : 

(2.4) a'a ^ Rat(G') (8)z M. 

One has the canonical map Hq : G — > a© which is defined by: 

(2.5) e<-^G(^)'^> = |x(.t)|f, xeG,xe Rat(G). 

The kernel of Hg, which is denoted by G^, is the intersection of the 
kernels of the characters of G, |x|f, X ^ Rat(G). One defines X{G) — 
Hom(G/G^, C*), which is of unramified characters of G. One will use 
similar notations for Levi subgroups of G. 

One denotes by aG,F, resp., Scf the image of G, resp., Ag, by Hq- 
Then G/G^ is isomorphic to the lattice aG,F- 

There is a surjective map: 

(2.6) (a'Jc ^ X{G) ^ I. 

denoted hy v which associates to x (g) s, with x £ Rat(G), s e C, 

the character g i->- |x(g')|F (cf. [Wal], Ll.(l)). In other words: 

(2.7) X.(^) = e<'^'^-(^)),^eG,^e(ayc. 
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The kernel is a lattice and it defines a structure of a complex algebraic 

variety on X{G) of dimension dim^aG- Morevoer X{G) is an abelian 

complex Lie group whose Lie algebra is equal to {o!q)c- 

If X is an element of X{G), let v be an element of a'^.^-. such that 

Xv = X- The real part Re(z/) G is independent from the choice of 

u. We will denote it by Re(x). If x G Hom(G, C*) is continuous, the 

character of G, |x|, is an element of X(G). One sets Re(x) = Re(|x|)- 

Similarly, if x ^ B.om[AQ,C*) is continuous, the character |x| of Aq 

extends uniquely to an element of X{G) with values in M*"*", that we 

will denote again by |x| and one sets Re(x) = Re(|x|)- 

If P is a parabolic subgroup of G with Levi subgroup M we set: 

Op = Om, Hp = Hm- 

The inclusions Aq C Am <Z M <Z G determine a surjective morphism 
0-M,F ciG,F, resp., an injective morphisme aG,F 5m,f, which ex- 
tends uniquely to a surjective linear map between Om and ac, resp., 
injective map between ac and Om- The second map allows to identify 
ac with a subspace of Om and the kernel of the first one, a^, satisfies: 

(2-8) Om = 0^ ® ac. 



Let us denote by X{G\M) the set of restrictions to M of elements of 
X{G). Then X{G\M) is the analytic subgroup of X{M) with Lie alge- 
bra (0^)0 C (a'ji^)c- This follows easily from (2.7) and (2.8). Moreover: 

(2.9) X{G\M) is a closed subgroup of X{M). 

This will be seen by writing X{G) = X(G')„X(G)+ where X{G)u is 
the compact group of unitary characters in X{G) and X(G)+ is of 
elements in X{G) which are strictly positive. The group X{G)u is 
compact and has compact image. The group X{G)^ is isomorphic to a 
vector subgroup and the restriction, which is a morphism of Lie groups, 
determines an isomorphism of X{G)~^ to a connected Lie subgroup of 
X(M)~^: the restriction of an element of X[G)~^ trivial on Ac is trivial 
by what has been said above. Hence the image of X{G)~^ is closed. 
This implies our claim on X{G\M). 
One has (cf. [D3], (4.5)), 

,^ The map A.{Ag) — )■ G/G^ is injective and allows to identify 
^ ' ^ ^{Aq) to a subset of a^. 

Let ^4 be a maximal split torus of G and let Mq be the centralizer of 
A in G. We fix a VT-invariant scalar product on 0, where W is the 
Weyl group of {G,A). Then ao identifies with the fixed point set of 
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a under W and a is an invariant subspace of o under W which is 
supplementary to ao- Hence it is the orthogonal subspace to ao in 
a. The space a^, might be viewed as a subspace of a' by (2.8). More 
generally let M be a Levi subgroup of G which contains A. From 
(2.8) applied to M instead of G and to Mq, instead of M, one gets 
a decomposition a = aff^ © Om- Prom the 1^-invariance of the scalar 
product one gets: 

The decomposition a = ® Om is an orthogonal decom- 
position. 

The space a'j^ appears as a subspace of a' and, in the identifi- 
cation of a with a' given by the scalar product, identifies 
with Om- 

If z/ G a', we denote by P^, the parabolic subgroup of G whose Lie 
algebra is equal to the sum of the A-weights spaces for the weights a 
which are either equal to zero or to a root a such that (z^, a) > 0. Then 
one has: 

(2.12) The parabolic subgroups of G, Pi, and P_i, are opposite. 

If Pp e a' is the half sum of the ^-roots of A in the Lie algebra of P, 
then the following is clear: 

(2.13) P = Pp,. 

Let G be the algebraic group defined over F whose group of F-points 
is G. Let a be a rational involution of G, defined over F. Let H be 
the group of F-points of an open F-subgroup of the fixed point set of 
a. We will also denote by a the restriction of a to G. 
A split torus of G, A, is said cr-split if A is contained in the set of 
elements of G which are antiinvariant by a. Let A be a cx-invariant 
maximal split torus of G. We fix a scalar product on a which is in- 
variant by (7 and the action of the Weyl group of G with respect to 
A: this is possible because a normalizes A, hence its normalizer and 
the Weyl group of G with respect to A. Let A'^ (resp., A^r) be the 
maximal split torus in the group of elements of A which are invariant 
(resp., antiinvariant by a). Then a" (resp., a^-) identifies with the set 
of invariant of (resp., antiinvariant) of o" in a and A^. is the maximal 
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cr- split torus of A. 

If M is a (T-invariant Levi subgroup of G which contains A, 
ttM is a (7-invariant subspace of a and Om = ci^ © 0^7 where 

Am = ciM n o'^, aj[ = om n a~'^ . This is an orthogonal 
decomposition and, in the identification of a to a\ (om)"'^ 
(2.14) identifies with the space {ci'j^)~'^ of antiinvariant elements of 

Moreover the Lie algebra of the connected component, 
X{M)cr, of the group of antinvariant elements of X[M), with 
the identification of aM and a'^j, is equal to a]J. 

A parabolic subgroup of G, P, is called a cr-parabolic subgroup if P 
and cr{P) are opposite parabolic subgroups. Then M :— P D cr{P) is 
the cr-stable Levi subgroup of P. If P is such a parabolic subgroup, 
P~ will denote (j{P). Then the maximal split torus of the center of M, 
Am is cr-stable. 

One deduces from [HW], Proposition 13.4: 

PH and P~H are open in G. Let M be equal to P n o-{P). 
(2 15) restriction to if n M of the modulus function of P, Sp, 

is trivial as it is positive and it is equal to its inverse on 

MnH. 

We recall also that (cf. I.e. Corollary 6.16): 

(9 ^R\ There are only a finite number of if-conjugacy classes of 
^ ■ ^ parabohc subgroups of G. 

Let be the cr-stable Levi subgroup of a minimal cr-parabolic sub- 
group of G. Let An, be the maximal cr-split torus of the center of Mn,. 

Definition 2.1. An element x of G is said Ag-good if and only if x~^.A$ 
is a cr-split torus. 

Prom [BD], Lemma 2.4 one sees: 

There exists a finite a set of representatives of the (Pg, H)- 
double cosets open in G, W^^^, whose elements are ^©-good. 
Moreover if M is the cr-stable Levi subgroup of a cr-parabolic 
(2.17) subgroup of G, with M0 (or Ag,) contained in M, there exists 
a subset, W^, of such that for all cr-parabohc subgroup 
P of G with Levi subgroup M, is a set of representatives 
of the (P, iJ)-double open cosets. 

Lemma 2.2. Let the notations and the hypothesis be as above and let 
X E G be A^-good. Then one has: 

(i) The group x~^.P is a a-parabolic subgroup of G with a-stable Levi 
subgroup x'^.M. Moreover a{x~^.P) — x~^.P~ , where P~ — cr(P). 
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(a) The set PxH is open in G. 

(Hi) One defines an involution of G, a^, by: 

CTxig) ■= xa{x~^gx)x~'^,g e G 

whose fixed point set contains x.H . Then P is a ax-paraholic subgroup 
ofG, a^(M) = M and a^{P) = p- . 

(iv) For all y G PxH , y^^.P is a a-parabolic subgroup of G and P is 
a ay-parabolic subgroup of G. Let My be the ay-stable Levi subgroup of 
P. Then My n y.H = P n y.H. Moreover if y = px with p E P, one 
has My = p.M. 

Proof, (i) and (ii) follows from [BD], Lemme 2.4. 

(iii) follows immediately from (i). 

(iv) li y = pxh with h E H,p E P. Then y~^.P = h.{x~^.P). Then the 
first part of (iv) follows from (i). Also one has ay = ap^. Hence one is 
reduced to prove the second part of (iv) for /i = 1 and y = px. A simple 
computation shows that ay{P) — p.P". Hence ay{P)r\P — p.M, which 
proves (iv). □ 

The sentence : "Let P — MU be a parabolic subgroup of G" will 

mean that U is the unipotent radical of P and M a Levi subgroup of 
G. If moreover P is a a-parabolic subgroup of G, M will denote its 
cr-stable Levi subgroup. Let /I0 be a maximal a-split torus of G and 
let Aq be a cr-stable maximal split torus of G which contains A$. Let 
P0 = MfifUf/, be a minimal cr-parabolic subgroup of G, whose cr-stable 
Levi subgroup is equal to the centralizer, M^, of in G. 

Proposition 2.3. There exists a decreasing sequence of a -stable com- 
pact open subgroups ofG, {Jn)neN, which forms a basis of neighborhoods 
of 1 in G and such that for each n > 1, J := Jn satisfies: 

(i) For every a-parabolic subgroup of G, P = MU which contains P^, 
the product map Jij- x Jm x Ju ^ J is bijective, where Ju- — J C\U~ , 
Jm = JnM, Ju = JnU. 

(ii) Let A be the maximal split torus of the center of M. For all a e A~ , 
aJjjor^ C Ju, a''^Ju-a C Ju-- 

(iii) One has J — JrJp, where Jh = J H, Jp = J n P. 

(iv) For each a-parabolic subgroup of G which contains Pa, P = MU, 
the sequence {Jn H M) enjoys the same properties that {Jn) for M, 
P^nM. 

Proof. We fix a basis of the Lie algebra of G, g, {Xj), which is the 
union of a basis {Uk) of U(d made of weight vectors for of a ba- 
sis of m<D n h, a basis of the space of antiinvariant elements by a of 
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777.0 and of the basis {a{Uk)) of (7(770). We use Lemma 10.1 (iv) for 

C/0, G2 = M0, G3 = a{U^) to prove (i). 
Let be the maximal compact open subgroup. Wc remark that the 
A*^-module A~ is finitely generated. Let (A^) be a finite family of gen- 
erators. We apply Lemma 10.1 (iii) to the family of automorphisms of 
G induced by the conjugacy by elements of A^Xi. The fact that the J„ 
can be choosen cr-stable is proven similarity. 

(iii) We apply Lemma 10.1 to Gi = [/, Ga = M, G3 = H. Here g^^ = u, 
9^ — UL g'^ is the subspace generated by the Ui + cr[Ui), where the 
Ui are those which belongs to 77. 

(iv) results from the fact that Jm is defined like J, in view of Lemma 
10.1 (iv). □ 

Remark 2.4. If F is of characteristic different from 2 and the charac- 
teristic of its residue field is different from 2, the proposition is due 
to Katano and Takano (cf. [KT] Lemma 4.3). They added the fact 
that the J„ might be choosen normal in some maximal compact open 
subgroup of G. 

In [D3], Remark 3.2, it was stated uncorrectly, although not used, that 
the J„ have also an Iwahori factorization 

If a compact open subgroup of G satisfies the properties of the Propo- 
sition, it will be said to have a cr-factorization. These are the (P, H)- 
good groups from the introduction. 

3. Two OPERATIONS ON H- FORMS ON INDUCED 
REPRESENTATIONS 

3.1. Second adjointness Theorem and if- fixed linear forms. In 

the sequel, the smooth representations of G and of its closed subgroups 
will be with complex coefficients. 

Let (tt, V) be a smooth representation of G and let P — MU be a 
parabohc subgroup of G. One denotes by (ttp, Vp) the tensor product 

of the quotient of V by the M-submodulc generated by the 7r(7i)7; — 7;, 

— 1/2 

u G U,v G V , with the representation of M on C given by 6p'\ We 
call it the normalized Jacquet module of V along P. We denote by jp 
the natural projection map from V to Vp and sometimes ttp will be 
denoted Jp(7r). 

The following result is due to J. Bernstein (cf. [Be], [R], Chapter V.9). 
We present here a slight reformulation of his result ( see [D3] , Lemma 
2.1). This is a generalization of a result of W. Casselman [C]. Let 
(P, P~) be a pair of opposite parabolic subgroups of G with common 
Levi subgroup M. Let ^0 be a maximal spht torus of M and let Pq be 
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a minimal parabolic subgroup Pq such that Aq C Pq C P. 
We define: 

Qp ■.= A{PonM,Ao) 

(3.1) and, for 5 > 0, we set: 

(P,< e) := {a G ||a(a)|F <e,ae A(Po,^o) \ Op}- 

Second adjointness theorem 

Let (tt, V) be a smooth representation of G. Let jp (resp., 
jp-) denote the canonical projection of V (resp., of the 
smooth dual V of V) onto Vp (resp., {V)p-). 
Then there exists a unique non degenerate M-invariant bi- 
linear form on {V)p~ x Vp , {., .)p such that for all compact 

(3.2) open subgroups, J, of G, there exists Sj <1 such that: 

^]^'^{o){3p-{v),T:p{a)jp{v))p = {v,'K{a)v), 

for a e Aq{P, < ej),v e V"^ , v e V"^ . It is part of the state- 
ment that ej does not depend on V. In particular there is a 
canonical isomorphism between {Vp)", {V)p-. 

One denotes by ej the normalized Haar measure on J, that we view as 
a compactly supported distribution on G. 

An iJ-form on a smooth module of G is an iJ-fixed linear form on V. 
Using the same argument as in [L], Lemma 2, one sees: 

Let P — MU be a cr-parabohc subgroup of G. Let A be 
the maximal split torus of the center of M. Let be the 
maximal a-split torus of the maximal split torus. A, of the 
center of M. Let J be a compact open subgroup of G with 
a (T-factorization with respect to {P,P~). Then for every 
^^■^^ smooth module (tt, V), ^ e V'": 

(3.4) (^,7r(a)f) = (ej^,7r(a)f), v eV'\ aeA-f\A^, 

where cj^ is the element of V defined by: 

{eji,v) = {^,Tr{ej)v), v e V. 

Let Am, or simply A, be the maximal split torus of the center of M. For 
every smooth module (tt, V") of G and ^ an if-form on V, there exists 
a unique M fl if- form on Vp, jp-^, such that for each compact open 
subgroup , J, of G, there exists e'j > 0, such that e'j < Sj, depending 
only on J and not on V and ^, such that one has: 



(3.5) {i,7:{a)v) ^ 5]l\a){jp-i,7:p{a)jp{v)), v^V', aeA-{e'j). 
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From (3.4) , one deduces from the above that if J is a compact open 
subgroup of G with a u-factorization, one has 

(eje,7r(a» = 5p/'(a)(jp-e,7rp(a)jp(^;)), v eV^ ,a & n A- {e'j). 

From the Second adjointness Theorem, one deduces from this, that for 
a e A^nA-{e'j),v e V'^ : 

{jp-i,T^p{o)jp{v)) = {jp-ej^,7rp{a)jp{v)). 

If TT is admissible, the two sides of this equahty are Ao--finite functions 
on Afj, hence they are equaL In particular in a = 1, one gets: 

Let J be a compact open subgroup of G with a a- 
factorization with respect to (P, P~).Then, if tt is admissible, 

(3.6) 

one has: 



{jp-^,v) = {jp-{eji),v)p,v e Vj 



Jm 



3.2. Induced representations. Let X be a maximal compact open 

subgroup of G which is the fixator of a special point of an apartment 
of the building of G. It will be fixed for the rest of the article. Let dk 
be the Haar measure on K of volume 1. Let dg be the Haar measure 
on G such that K has volume 1. 

One has G = PK for all parabolic subgroups of G as it is true for at 
least a minimal parabolic subgroup of G. 

Let P = MU be a parabolic subgroup of G with Levi subgroup M 
and unipotent radical U. If (5, E) is a smooth representation of M, 
one extends it to a representation of P trivial on U . Let x be an 
element of X{M). One denotes by the space of the representation 
:= 5 ® X- Let i'pE^ be the space of maps v from G to E^ right 
invariant by a compact open subgroup of G and such that v{mug) ~ 
5p{my/'^S^{m)f{g) for all m e M, u e U, g e G. Let i$5^ be the 
representation of G in i$E^ by right translations. 
One denotes by ip^j^E the space of maps v from K in E, which are 
right invariant by a compact open subgroup of K and such that v{pk) ~ 
6{p)v{k) for ell k E K and p E P (1 K. The restriction of functions to 
K determines an isomorphism from ipE^ to ip^j^E. We will denote 

—G 

by ip((^x) representation of G in ipf-^^E deduced from i$5^ "par 
transport de structure" . This representation will be called the compact 
realization of ip5^ in this space independent from %. If v e ip^j^E, one 
denotes by the element of i$E^ whose restriction to K is equal to 

V. 
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If d is unitary, one defines a scalar product on ip^^E by: 

(3.7) {v,v') = / {v{k),v'{k)) dk, v,v' e ipnxE. 

Jk 

—G 

The representation ip5^ is unitary for this scalar product when % is 
unitary. Consequently, "par transport de structure" , i$S^ is also uni- 
tary. 

If g E G, one chooses up{g) G U,mp{g) G M and kp{g) G K such that 
g = up{g)mp{g)kp{g). Then 5p{mp{g)) does not depend on the choice 
of mp{g). Let P~ — MU~ be the opposite parabohc subgroup of P 
with respect to M. We choose a Haar measure on U~, du" such that: 



(3.8) / 6p{mp{u')) du' = 1. 

Ju- 

One has, (cf. e.g. [D4], equation (2.10)): 



(3.9) {vx,v'^)= / ),v'^{u ))du . 

Ju- 



such that e is invariant by JPl P under 6. One defines a map v^'/ from 



^e'sipj) = ^p^{p)^{p)(^J e J,pe P 



Let e be an element of E and let J be a compact open subgroup of G 
such that e 
G to by: 

(3-10) 

v^f{g)=0,g^PJ, 

the definition making sense due to our hypothesis on J and e. 
Notice that this hypothesis is satisfied if J has an Iwahori factorization 
with respect to (P, P~) (resp., if P is a u-parabohc subgroup of G and 
J has a a-factorization for (P, P~)) and e is J^f-invariant. 
Then ^ is invariant on the right by J and defines an element of ipE. 

3.3. The operation fu • Let P = MU be a parabohc subgroup of G 

and (5, i?) a smooth representation of M. 

Let dip be the left invariant Haar measure on P such that: 

(3.11) / f{g)dg= f f{pk)dipdk,feG^{G). 

Jg Jpxk 

Let drP = Spdip which is a right invariant measure on P. One defines 

a linear map Mgp from C~(G) <S> E to i$E by : 

(3.12) 

(MsAmg) = ^ 4^'(P~')<^(P~')/(P^) ^^rP, / e cr (G) ® ^ e G. 

This map goes through the quotient to an isomorphism between 
Ho{P, G^{G) ® E)) and i$E ([BD], Prop. 1.13 (iv)), where Hq stands 
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for the 0-homology. 

A linear form ^ on i^E determines an ^'-distribution on G, ^, which 
is P-covariant for the representation tt = 5 (g) 5p^^^ (cf. subsection 9.1) 
for the definitions) defined by: 

(3.13) !(/) = e(M,,p(/)), / e C^{G) ® E. 

This follows from the obvious equality: 

(l,A(p)(7r(p)/)) = (e,M5,p(A(p)(7r(p)/))),/ e C^{G)®E 

and from the equality: 

MsAKp){<P)f)) = MsAf), f e C^iG) E, 

that we are going to prove. Let po be an element of P. Taking into 
account the equality Sp{po)~^^'^ with Sp{poy^'^Sp^{po), one has, for g e 
G: 

[M5,p(A(po)(7r(po)/))](^) = / S'J\p-'po)S{p-'po)f{Po'P9)Sp{Por'drP 



Using the definition of drP, the change of variables p' — Pq^p, leads to 
the required identity. 

By definition, the support of ^ is the support of ^. As ^ is left P- 
covariant, one has: 

Supp(0 is left P-invariant and is equal to the complemen- 
(3 14) ^^^^ subset of the largest left P-invariant open subset of G, 
O, such that v) — Oif the support ofv e ipE is contained 
in O. 

If moreover ^ is invariant by the right action of H then the same is 
true for the £^-distribution ^. 

Let us assume that PH is open in G and that ^ is right invariant by 
H. One remarks that the left Haar measure on G restricted to PH is 
left invariant by P and right invariant by H. One applies Lemma 9.1 
to P X if modulo the diagonal of H (1 P. From the above, it has a 
P X if- invariant measure. The contragredient representation of 5p is 
6p^ . Hence there exists a unique rj E E', H f] P-invariant, such that 
one can define: 

(3.15) f^{g) := {Sp){py/'S'{p)ri, g ^ ph,p eP,heH 
which verifies: 

(3.16) ii^f) = !pH{ki9)J{9))dgiif e C~(G)^E has its support 
contained in PH. 
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Let US assume that moreover / has its support contained in P{KnH). 
The set of {p,k) e P x K such that pk e P{K n H) is equal to 
P X {KnP){KnH). Thus, from (3.11), one gets: 

/ {M9)J{9))d9= [ {f^{pk)J{pk))dipdk. 
Jp{KnH) J Px{KnP){KnH) 

Then one integrates over P, taking into account the covariance property 
of ^. Then, as 5pdip — drP, one gets: 

(3.17) {tv)^ f {f^{k),v{k))dk, 

J{KnP){KnH) 

where v = Ms^p{f). 

One remarks that if e fixed by J DP, using the notations of (3.10), one 
has: 

(3.18) v^f = Vol(J n Py'MsA^j ® e), 

where Vol( J fl P) denotes the volume of J fl P for the measure dip. 
Let x in G such that PxH is open in G. Applying (3.15) and (3.16) 
to each p{x)f, which is xi?x~^-invariant and one can define a function 
on the union Q of all (P, H) open double cosets, with values in E', 

right invariant under H, left covariant under P by 5' ^Sp^^'^, such that: 
If / e C^{G) ® E has its support contained in Q, 

(3.19) 



(e,/)= / {h{9)J{9))dg. 
Jn 

Moreover if a; e G is such that PxH is open in G: 

We assume moreover that P is cr-parabolic subgroup of G. Let J be a 
compact open subgroup of K which has a cr- factorization for [P,P~). 
Let e E E he fixed by Jm- Let us prove: 

(3.20) (e,</) - Yo\{{KnP)JH){v,e). 

One can apply (3.17) with v = v^'J , by taking into account (3.18). As 
the support of v is contained P J = PJh where Jh — J (~\ H, one gets 
from (3.17): 

{^,v)^ [ {f^{k),v{k))dk. 

JKniPJn) 

But K n (PJh) ^ (K n P)Jh. So, one has: 



/ {U{k),v{k))dk. 
J{KnP)JH 
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The function under the integral sign is left invariant hy K f] P, due to 
(3.15) and to the properties of the induced representation. It is right 
invariant by due to the fact that ^ is if-invariant and that v is 
J-invariant. Hence (3.20) follows. 

Proposition 3.1. (i) Let v be a smooth (resp., C, be an H-fixed) linear 
form on i%E, where P = MU is a parabolic subgroup of G (resp., 
a parabolic subgroup of G such that PH is open in G), and {S,E) is 
a smooth representation of M. We can identify canonically v with an 
element ofipE and we will denote its value at 1 by G E. Similarly 
/^(l) G E'^^^^ is well defined. We will denote it f-M^- 
Then if moreover P is a a-parabolic subgroup of G, for all compact 
open subgroup of K, J, with a a -factorization with respect to {P,P~), 
one has: 

(a) Let Q = LV be a a parabolic subgroup of G such that QH is 
open and let P = MU be a parabolic subgroup, such that P G Q and 
M <Z L. Let {S,E), v, ^ be as above. Applying induction in stage, 
ipE is isomorphic to iqiipcLE). From (i), one gets an element -tlv of 
{t^Pr^LET, (resp. of {i^p^^E)'^^" ). 

(Hi) One assumes that P and Q are a-parabolic subgroups of G. Then 
one has: 

fui = rM{fLi). 

Proof, (i) One reduces easily to compare the evaluation of both sides 
of the equality to prove on any element e of E'^'^ . One introduces , 

V :— v^'g. Prom (3.20), one gets, on one hand: 

(e,^;)=Vol((XnP)J^,)(/^(l),e). 
As V is J-invariant this implies: 
(3.21) {ej^, v) = Vol((X n P) J^)(/^(l), e). 

On the other hand: 

{eA,v)= [ {{ejO{k),v{k))dk. 
Again, we use that the support of v is contained in PJ = PJh'- 

{ejLv)= [ {(eAm,v(k))dk. 

J{KnP)JH 

The function under the integral sign is left invariant by K (1 P, by the 
properties of the induced representations, and right invariant by Jh as 

V and ej^ are invariant by J. So one gets: 

{ej^, v) = Vol((X n P)JH){{eAm, e). 
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The equality needed to prove (i) follows from this and from (3.21). 
(ii) is a simple consequence of (i). 

(ill) If v e {ipEy, the equality fjv/'W = ^M(^L'j^) is clear. Then (iii) 
follows from the last assertion of (i). □ 

3.4. The operation jg-o . Our second operation needs some prepa- 
ration. 

Let P = MU be a parabolic subgroup of G. Let (Q, Q~) be a pair 
of opposite parabolic subgroups of M with L :— Q P[ Q~ . Let {S,E) 
be a smooth representation of M. We denote by Pq the parabolic 
subgroup of G equals to QU. We define similarly Pq-. We define 
a G-homomorphism jq-o from {ipEj to (ip Eq)" as follows. Let 

V € {ipEy. We identify canonically {ipEj to ipE and we denote by 
Jq- °v the element of ip _ {E)q- obtained by composition of v with the 

projection Jq-. By the second adjointness Theorem (cf. (3.2)), {E)q- 
is canonically isomorphic to {Eqy. Let us denote by j'^^ ov the image 

of jq- o-y by the induced isomorphism. This is an element of _ {Eqy. 
Then one defines jq- o -u as the image of j^. o by the canonical iso- 
morphism of ip _(£'Q)"'with (ip _Eqy. Summarizing jg-o appears as 

Q Q 



ip^AEqy with (i^^ 
the composition of the homomorphisms of G-modules: 



(i$Ey^ i$E A i$^_{E)q- 4 i%^_{Eqy^ i^^.Eqy 

where the first arrow is the canonical isomorphism between {ipEj and 
ipE, the last arrow is the canonical isomorphim between ip _ (£'Q)~'and 

{ip _Eqy, the arrow / is given by composition of functions with the 
projection jq- , and the arrow g is the induced morphism from the 
canonical isomorphism between {E)q~ and (i?Q)~' given by the second 
adjointness Theorem. Hence jq- o is a G-module homomorphism. One 
sees easily that: 

For V G {ipEy, one has: 

Cjq-ovyi)=jq-iv{iy, 

where in the left hand side of the equality jq- o v is viewed 
as an element of ip^_ {EqJ and where in the right side v 

is viewed as an element of ipE and jq-{v{iy is viewed as 
an element of (£'Q)~'by the second adjointness Theorem. In 
other words: 

rdlq- ov) ^jQ-{fM{v))- 



(3.22) 
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Proposition 3.2. Let P = MU be a parabolic subgroup of G. Let 
{Q, Q~) be a pair of opposite parabolic subgroups of M. Let {5, E) be a 

smooth representation of M and let ^ be an H-form on V = ipE. 

(i) Let Vi e Vi := ip^_EQ. Let tt (resp., tti) the induced representation 

of G on V (resp., Vi). The number {jg- o (ej^),fi) does not depend 
on the compact open subgroup of G, J, such that Vi is fixed by J. 
(a) This allows to define a linear form on Vi, denoted by jg- o as 
follows. 

If vi e Vi is fixed by the compact open subgroup of G, J , one defines 
Then jg- o ^ is an H-form on Vi. 

(Hi) For every compact open subgroup of G, J, one has: 

ejijQ- oO ^ h- o (ejO- 

(iv) The support of jg- o C, is contained in the support ofC,. 

(v) Let X E G. The space {xE)x.q is equal to Eg. Then p{x)^ is fixed 
by x.H and j^,g o (p(x)O is equal to p{x){jg o ^). 

Proof, (i) Let Vi G Vi. It is enough to prove that if J' C J are two 
compact open subgroups of G which leave Vi invariant, one has: 

As ejVi = Vi, one has : 

{jQ- o (ej'O^Vi) = (jg- o (ej/^),ejfi) = {e/jg- o {ej>^),Vi) 
= {jQ- o (ejO^vi), 

which proves (i). 

(ii) Let Vi be an element of Vi and let h be an element of H. One 
may choose a small enough compact open subgroup, J, of G, such that 
h.J and hr^ .J leave also invariant vi. This implies that T:i{h)vi is also 
fixed by J. Then, one has, from the definition of jg- o ^: 

{jQ- °C,Mh)vi) = {jQ- o {ejC),7ri{h)vi). 
By elementary operations one sees that 

{jQ-o^,Mh)vi) = {jg-o(^'(h-')ejO,v,) = {jg-o(n'(h-')ejn'{h)0,vi) 

= Oq- ° (e/x-i.jO>^i)- 
Hence one gets, from the definition of jg- o ^ and the fact that Vi is 
h~^.J fixed, the equality: 

{jQ- o Mh)vi) = {jQ- o ^, Vi). 
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which proves the if-invariance of jg- o ^. 

The hnearity is proved in the same way. This proves (ii). 

(iii) is an immediate corollary of (ii). 

(iv) Let F be the support of ^ and let Vi G Vi whose support, Fi, is 
contained in the complementary subset of F in G. Choose a compact 
open subgroup, J, of G which fixes Vi and such that FJ is disjoint 
from Fi, which might be achieved from the compacity of Pq\G. 
Then the support of ejC, is disjoint from the support of Vi. As the 
composition by jg- do not increase supports, one concludes, from the 
definition in (ii), that: 



Lemma 3.3. We keep the notations of the preceeding Lemma, but we 
assume that P is a a-parabolic subgroup with a-stable Levi subgroup M 
and that Q is a a-parabolic subgroup of M with a-stable Levi subgroup 
L. Let Aq be a maximal a-split torus of L. Let x be an element of G 
which is A(i,-good. Then p{x)^ is an x.H-form, P, Q are ax-parabolic 
subgroups (see Lemma 2.2) and one has : 



Proof. We first treat the case where x = 1. 

Notice that a^Pq-) = {P~)q is opposite to Pq-- Hence Pq- is a a- 
parabolic subgroup of G. 

Let e be an element of Eq. Prom [KT], Lemma 4.3, (see Proposition 
2.3), one can choose a compact open subgroup of K, J, arbitrary small, 
which has a cr-factorization with respect to (P, P~) and {Pq-, {P~)q), 
such that Jm has a cr-factorization with respect to {Q, Q~). So we can 
assume that fixes e. One has: 



One will compute in two ways (ej^', v) where ^' — jq- o ^. Pirst v is 
invariant by J so that one has: 



Oq- = 0. 

This imphes ( iv). 

(v) is simply a "transport de structure" . 



□ 



fMx)QQ- °0) = 3Q-{fM{p{x)i)). 




is well defined . 



{eji\v)^{i\v). 
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Using (3.17 ) and (3.18), one deduces from the preceeding equality, as 
in the proof of (3.21), that: 

{eji\v)= f {f^,{k),v{k))dk. 
J{P'nK)jH 

The function under the integral sign is left invariant hy K DP'. More- 
over, if j e Jh, fcU) — /^'(l)) by the right if-invariance of /^/ and 
v{j) = e by the right invariance by J of v. So one gets: 

(3.25) {eje,v) ^Vol{{P' nK)JH){U{l),e). 
Our second computation of (ej^', v) starts with: 

{eje,v)= f {{ejem,v{k))dk. 
Jk 

As V is supported on P'J, one gets: 

{eji\v)= f {{ejO{k),v{k))dk. 
J(KnP')J 

As the function to integrate is invariant hy P' H K on the left and by 

J on the right, one has : 

(3.26) {eje,v)^Yo\{{P'nK)J){{eja{l),e). 
Notice that: 

Then, taking into account the equality J — {J D P')Jh, one sees that 
(P' nK)J = {P' n K)Jh. Then (3.24) follows from these two compu- 
tations of {ejl',v) (cf. (3.25) and (3.26)) . 

From the fact that the composition by jq- commutes with right trans- 
lations by elements of G, one sees: 

ejQq- o = h- ° (ejC) 

hence: 

{riiejOg- o^)),e) = {{tlOq- o (ejO),e) 
Prom this and (3.22), one deduces: 

{fhiejQQ- oO),e) = {jQ-{fM{ejO)^(i)- 

As J has a cr-factorization for {P,P~), one deduces from Proposition 
3.1 (i), that : 

Replacing in the above equality, one gets: 

{fuiejQQ- o^)),e) = {3Q-{ej^fM0,e). 
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From (3.6), and using the fact that Jm has a a- factorization for 
((5, Q~)-i this imphes: 

{fM{ej{jQ- oO),e) = 0Q-(rMO>e). 
Together with (3.24), this shows that: 

{rL{jQ- oO>e)) = {jQ-irMO,e), 
which proves the assertion for x = 1. 

Let us treat the general case. Then (see Lemma 2.2), P is a a^- 
parabolic subgroup of G, M is aa,-stable and Q is a cra;-parabohc sub- 
group of M. One may apply the first part of the proof to '■— p{x)^ 
which is fixed by x.H. The result follows from the fact that Jq-o 
commutes with right translations by elements of G. □ 



In the two next subsections, we make no assumptions on the char- 
acteristic of the residue field of F 

4.1. Intertwining integrals. Let P = MU be a parabolic subgroup 
of G and let (5, E) be a smooth representation of M with finite length. 
Let Q = MV be an other parabolic subgroup of G with M as Levi 
subgroup. We denote by S(Q, P) the set of roots of Am in the Lie 
algebra of Q which are not roots of Am in the Lie algebra of P. We 
imbed Ajv/ in a maximal split torus of M, A and we fix a scalar product 
on a' which is invariant by the Weyl group of the pair (G, A). It induces 
a scalar product on (cf. (2.11)). One has (cf. [Wal], Theorem IV. 1.1 
and Proposition IV. 2.1): 

There exists i? > such that, for all x ^ X{M) which 



there exists an intertwining operator, A[Q, P,5y^), between 
ip(5^ and iqS^ satisfying: 



the integral being absolutely convergent. This family of op- 
erators viewed in the compact realization admits an exten- 
sion to a rational family in x G X{M) denoted in the same 
way. More precisely, there is a non zero polynomial func- 
tion on X(M), 6, such that for all / in i^^-^pE, the family 
h{'x){A{Q, P, S^)f) is polynomial, in the compact realization. 



4. Generic basic geometric Lemma 



satisfies 



(Re(x),a) > R,ae S(Q,P) 



(4.1) 
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From this characterization, one deduces: 

The intertwining integrals commute with induced operators 

(4.2) from intertwining operators between smooth representations 
of finite lenght of M. 

Let us show that: 

(4.3) When A{Q, P, 6^) is defined, this operator is non zero. 

Let P~ be the opposite parabohc subgroup to P with Levi subgroup 
M. Let e & E and let J be a compact open subgroup with Iwahori 
factorization with respect to (P, P~) and such that e is invariant by Jm- 
Let / = v^f^ whose support is P J. As {VnU-)nPJ ^Vn {U' D J) 
one sees that 

{A{Q, P, S^)f){l) = Yol{V nU-n J)e 
which proves our claim. 

The following Lemma is an immediate consequence of the induction by 
stage and of the definitions. 

Lemma 4.1. (i) Let P = MU he a parabolic subgroup of G and let 
Qi = LVi,Q2 = LV2 be two parabolic subgroups of M. Let us define 
Pqi •= QiU , Pq2 '■= Q2U. Let {u, F) be a finite length smooth rep- 
resentation of L and let Si be the representation iq.ou, with space Ei, 
i — 1,2. The representation ip^^^ is canonically equivalent to ip{iQ.uj). 
Let V G ip^ El. Then, one has the equality of rational functions in 
XeX(L); ' 

A{Qi,Q2,uj^) ov = A{Pq^,Pq^,uj^)v. 
Prom [Wal], IV. 1 (11), one has the relation: 

(4.4) {A{Q, P, 5)f, f) = (/, A{P, Q, 5)f),f e i$E, f e i$E. 
Let us prove: 

Lemma 4.2. Let x e X{M) such that A{Q, P, 5^) and A{P, Q, S^) are 
defined. 

(i) Let f e ipE^.Then one has: 

Supp(A(Q,P,5J/) c c/(\/(Supp(/))), 

where cl denotes the closure in G and Supp the support. 

(ii) Let T be a linear form on IqE^. Let T' ^ T o A{Q, P, 5^). Then 
one has: 

Supp(T') C d(C/(Supp(r))). 
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Proof, (i) Let g ^ c/(V(Supp(/))). Let us show that g is not ele- 
ment of the support of {A{Q, P,S^)f). One reduces immediately, by 
holomorphy, to the case where A[Q, P, S^) is defined by a converging 
integral. If there exists v G ipE^ such that f{vg) does not vanish, g 
has to be an element of VSupp(/). As this is not true, this implies 
that {A{Q,P,S^)f){g) = 0. This proves (i). 

(ii) Let A := A{Q,P,6^). Let g be an element of Supp(r'). Then for 
any compact open neighborhood Q of g in G, there exists an / G ipE^ 
with support in Pfl, such that (T', /) 7^ 0. Then (T, Af) ^ 0, so that 
Supp T n Supp(74/) is non empty By (i), Supp(74/) C c/(V"Supp(/)). 
So one has: 

(4.5) diyP^) n Supp(T) 7^ 0. 

Let us show that if X is a subset of G and (ilp) is a decreasing se- 
quence of compact open neighboorhoods of g in G, whose intersection 
is reduced to g^, 

(4.6) ^^^^d{X%) = d{Xg). 

In order to see this, one can reduce to the case where g — e. If y G 
npeNc/(Xi7p), for all p, y = limXn^pUJn,p where ujn,p G Vtp and Xn^j G X . 
Let V, V be symmetric neighborhoods of e in G with V'"^ C V . Let 
p G N such that VLp C V and let n G N such that y^^Xn,pOJn,p G V . 
Then y~^Xn,p is an element of y. Hence y is an element of d{X), 
which proves our claim. But, as VP = QU, VPflp is left Q- invariant 
and the image of d{VPQp) in Q\G is closed as the projection is open. 
Hence this projection is compact. It is the same for the projection of 
Supp(T). Together with (4.5), an argument of compacity shows that 
the intersection r\p^^d{VPQ,p) nSupp(T') is non empty. Together with 
(4.6), this imphes: 

d{VPg) n Supp(T) ^ 0. 

Then, one sees that g G c/(PV^Supp(T)): if {VnPng) admits t G Supp(T) 
as a limit, then (vnPn) has tg~^ as a limit and {{vnPn)^^t) has g as Si 
limit. 

But, by the Q-invariance of Supp(T) and the equality PV — UQ, one 
has: 

P\/Supp(T) = f/Supp(T). 
Hence g is an element of c/(f/Supp(T)), which proves (ii). □ 

Definition 4.3. A (Q, P)-subset of X{M) is the complementary set in 
X(M) of a finite union of sets of the form {Xv\^ G ('^m)c; i^-, ct) = c}, 
where a describes the set Ti{Q,P). Such a set is open and dense in 
X{M). 
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Lemma 4.4. There exists a {Q, P)-subset of X{M), such that for x 
element of this set, A{Q, P, 5^) is holomorphic and invertible. 

Proof. Prom [Wal] IV.1.1(12) and (14), it suffices to prove the state- 
ment assuming that P and Q arc adjacent and opposite, hence maxi- 
mal Let a be the single element of P). Recall that Om = cIm® 
(cf. (2.8)). Here is one dimensional. Hence the image in X{M) of 
(a^)c, X(M)'^, by the map A i-^ XX: is a one dimensional torus. Thus 
the family x ^(Q, -P, depending rationally on x e X{M)^, it 
has a finite number of poles Xi- One remarks that A{Q, P, S^) does not 
change if x is multiplied by an element of X{G\M), so that A{Q, P, d^) 
has poles only along the sets XiX(G|M). This implies the holomorphy 
statement. 

Prom [Wal], IV.3, there exists a rational function on X{M) with values 
in C, j, such that A{P, Q, 6^)A{Q, P, 6^) is equal to the multiplication 
by j{x)- Moreover (cf. [S], Theorem 3.2), ipS^. is irreducible for x in 
an open dense subset of X{M). Prom (4.3), one deduces that j is not 
identically zero. Also it is invariant by X{G\M), by the remark above. 
Hence, again, its poles and zeros are along a finite number of subtori 
of X{M) of the form x'iX{G\M) where Xi e X{M)'^. The second part 
of the lemma follows. □ 

It follows from (4.2) and the proof of the preceeding Lemma that: 

The intertwining integrals and their inverses commute 

(4.7) with induced operators from intertwining operators between 
smooth representations of finite lenght of M. 

Let P' = M'U' be a parabolic subgroup of G with M C M', P C P'. 
Let {6, E) be a finite length smooth representation of M . Let v be 
an element of i'f,E. We denote by rM'V the value at 1 of the element 
of i%i{iM'nP^) associated to v by the induction by stage. Thus for 
X e X{M), it defines a map denoted again by rM''- 

(4.8) rM' ■ i'^E^ ^ ipnM'Ex- 
We will identify i^E with E. 

Lemma 4.5. There exists a {Q, P)-subset of X{M) such for every x in 
this subset and for every G-submodule, V , ofipE-^ such that ruiV) — 
E, then rM{A{Q, P, 5^)V) = E. 

Proof. Let us take a {Q, P)-set as in the previous Lemma and let x be 
an element of this (Q,P)-set. If rM{A{Q, P,6^)V) is equal to a strict 
M-submodule, Ei, of E, this implies that A{Q, P, S^)V is a submodule 
of IqEi. By (4.7) one would have rMV C Ei. A contradiction which 
proves the Lemma. □ 
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4.2. Generic basic geometric Lemma. Let P (resp., P') be a par- 
abolic subgroup of G with Levi subgroup M (resp., M'). Let A (resp., 
A') be a maximal split torus of M (resp., M'). Let us show: 

. . „x There exists a set of representatives of P'\G/P such that for 
each of its elements, one has w.A — A' 

By considering a minimal parabolic subgroup of G, contained in P 
(resp., P') and containing A (resp.. A'), one can reduce to the case 
where P and P' are minimal parabolic subgroups of G. Then P' — x.P 
for some element x oi G. As all maximal split tori in a minimal par- 
abolic subgroup arc conjugate by an element of this parabolic sub- 
group (cf. [BT], Theorem 11.6), one can choose x such that x.P = P' 
and x.A = A\ On the other hand, by the Bruhat decomposition 
G — (JyjPwP where the w normalize A. Hence, G — \Jy,P'xwP. Then 
(4.9) follows from the fact that xw.A = A'. 

We will denote by W{M'\G/M) (although this set is not unique) a set 
of representatives of P'\G/P such that for each w G W{M'\G/M), 
w.A = A'. Then M' il w.M (resp., M n w~'^.M') is the Levi subgroup 
containing A' ( resp., A ) of the parabolic subgroup of M' ( resp., M), 
M' n w.P (resp., M n w-\P'). 

If P = MU, P' = M'U' are cr-parabolic subgroups of G, one will as- 
sume that A (resp.. A') is a maximally cr-split cr-stable maximal split 
torus of M (resp., M'). 

Proposition 4.6. Let P — MU and P' — M'U' he parabolic subgroups 
of G. We denote by S(P) the set of Am -roots in the Lie algebra of P. 

Let {S,E) be a smooth representation of finite length of M. Let w,w' 
be two distinct elements ofW{M'\G/M). Let X be a complex subtorus 
of X{M) stable by complex conjugacy. We assume that the Lie algebra 
of X, denoted by b G (a'j\^)c, contains at least an element v such that 
{u, a) is strictly positive for each element a of the set S(P). Then the 
following holds: 

(i) The set Oyj^^' of elements x of X such that: 

The M' -modules V^^^ = if^'^^ p{wjMnw-\p'E^) and V^.w' = 

(4.10) 

'^M'nw'.pi'^'jMDw'-^p'Ex) have disjoint sets of Bernstein pa- 
rameters (cf. subsection 9.2 for the terminology). 

is open and dense in X. If ((5, E) is unitary, Oy^^w' H X{M)u is dense 
inXu:^XnX{M)u. 

(a) If X is an element of O = (^vj,w'eW{M'\G/M),w^w'Oyj,w', the Jacquet 
module j pi {ipE^) is isomorphic to the direct sum: 

®weW{M'\G/M)'i'M'r\w.pi'^jMnw-^.P'Ex)- 
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Proof. Let {Ai,...,Ap} be the set of Bernstein's parameters of the 
representation {jMnw-'^.P'^jMnw-'^.P'E) of Mr[w~^ .M' , where for every 
i, Aj = iLi,uji)Mnw-'^.M', Li is a Levi subgroup of M fl w~^.M' which 
contains A and Ui is a cuspidal reprentation of Lj i.e. whose smooth 
coefficients have a support which is compact modulo the center of Lj. 
We introduce similar data related to w', Lj, Uj. Then, using (9.3) and 
(9.4), one sees : 

The set of Bernstein's parameters of the finite length M'- 
(4.11) smooth module V^^^^ is equal to 

{{w.Li, w{uji (g) X|Li))m', ■ ■ ■ , {w.Lp, w{ujp (8) X|lJ)m'}- 

Let us prove that the set y = X \ Ou,,w', is closed in X and has an 
empty interior. From (4.11), one sees that x e F, if and only if for 
some one has: 

(4: 12) ^^■^'' ^■^'^^ ® XilJ)m' is M'-conjugate to 

Let Yij be the subset of elements of Y satisfying (4.12). Let us assume 
that Yij is non empty. In particular w.Li is conjugate in M' to w'.L'j. 
These are two Levi subgroups of M' which contain A' and which are 
conjugate under M'. As two maximal split tori in w'.L'j are conjugate, 
these two Levi subgroups of M' are conjugate by an element of the 
normalizer in M' of A'. 

By multiplying w by this element of the normalizer in M' of A', one 
reduces to the case where these two Levi subgroups of M', w.Li, w'L'j 
are equal. Let us denote by L" this Levi subgroup of M'. Two cuspidal 
representations of L", a;, u' define the same infinitesimal character 
for M' if for some x in the normalizer of L" in M', Nm'{L"), xuj is 
equivalent to uj' . Hence x £ if and only if for some x e Nm'{L"), 
that might be choosen to normalize A', 

(4.13) xwcui ® xwx\L" is equivalent to w'uj ® w'x\l"- 

For X given, the set Yij^^ of such x is easily seen to be closed because 

/ . . ^ The characters of these two families of irreducible represen- 
^ ' ' tations of L" vary weakly holomorphically in x- 

As Yij^x depends only on the right coset xL" and as Nm'{L")/ L" is 
finite, this imphes that Yij is closed. Hence Y is closed in X{M) and 
Oyj^u!' is open in X. 

Let us assume that O is not dense. This implies that Y has a non 
empty interior, hence by Baire's Theorem, there exists w,w',i,j,x as 
above such that Yij^^ has a non empty interior. 

By multiplying w' by x~^ one may and one will reduce to the case where 
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X = 1. From (4.14), one deduces that for all x G X, (4.13) holds. In 
particular it is true for x = 1. Denote by uj" the representation woui 
of L". Then one concludes also that for all x ^ X- {'^^''x'\l"){^X\l") 
belongs to the finite set of elements x" of -^i^") such that oj" (g) x" is 
equivalent to u". Hence, by connexity, 

(4.15) for all % G X, wx\l" = w'x\l"- 

By differentiation, it implies 

wv — w'u, i/ G b. 

This might be written: 

w'V = z/, z/ G b, 

where w" = w'^^w is an element of the normalizcr of A in G. From 
our hypothesis on b, one sees that w'V = z/ for a strictly P-dominant 
element of b, u. But w" acts on a'^ as an element of the Weyl group 
of A, which, by the above, is a product of symmetries with respect to 
roots orthogonal to u. The corresponding roots have to be roots of A 
in the Lie algebra of M, by our hypothesis on v. This implies that w" 
fixes pointwise (aM)c- Hence w" is an element of the normalizer of A 
which fixes pointwise Om- This implies that it is an element of M. As 
w = w'~^w", this implies that w and w' represents the same element of 
P'\G/P. A contradiction with our hypothesis. Hence Y has an empty 
interior and O is dense in X. This proves the first statement on Ow,w'- 
The proof of the statement for Ow^w> n Xu is similar, 
(ii) By the basic geometric Lemma ( cf. [R] VI.5.1) the Jacquct module 
jp{i'pE^) has a filtration whose associated graded is the direct sum of 
the statement, (ii) is an immediate consequence of the definition of O 
and (9.5). □ 

Lemma 4.7. We keep the notations and the assumptions of the previ- 
ous Lemma. 

(i) Let us assume that {S,E) is irreducible (resp. irreducible and uni- 
tary). There exists an open dense subset of X (resp., Xu) such that for 
every x this subset, i$S^ is irreducible. 

(ii) Let us assume that {S,E) is a finite length smooth representation 
of M. There exists an open dense subset of X, X' , such that for every 
X G X' and for every G-submodule V of i'fE^ such that rMV — E^, 
then V = ipE^. 

Proof, (i) follows easily from [S], Theorem 3.2, where no assumption of 
unitarity on the inducing representation is made, and our hypothesis 
on X. 

(ii) Let X' be an open and dense subset of X such that: 
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1) for every irreducible subquotient of {6, E), {cu, F) and x ^ '^p'^x 
is irreducible. 

2) X' is a subset of the set O of the preceeding Lemma, where we take 

P = pi^M = M'. 

The existence of X' follows from (i) and from the preceeding Lemma. 
We proceed by induction on the length of E to prove that: 

(A 1 (\\ open dense subset, X', of X satisfying 1) and 2) above 
has the properties required by the Lemma. 

If E is of length one and x ^ X' ^ ^p-^x irreducible. As V is non zero, 
one sees that the claim is true in that case. 

Now assume that (4.16) is true if E is of length p > 1. Let 
E he a. smooth M- module of length p + 1. Let x be an ele- 
ment of X' . Let {tti,Vi) be an irreducible C-submodule of V. 
As X e X', TTi is isomorphic to ipu;^ for some irreducible sub- 
quotient {oJ-,F) of {S,E). This determines a non zero element, 
T, of B.omG{i^F^,V) C }iomc;{ipF^,ipE^). The latter space is 
isomorphic to B.omM{jp{ipF^), E^). But from our hypothesis on 
X and the properties of X', jp{i%F^) splits as a direct sum 
®weW(M\G/M)iMnw.pwjMnw-KpF^- As X is an element of O, for w ^ P, 
the set of Bernstein parameters of i^ln«) p'^^jMnw-^.pFx is disjoint from 
the set of Bersnstein parameters of F^. Hence, one has: 

HomM(jp(ip-Fx)'-^x) ~ HomM(-Fx' -^x)- 

Prom this and from the fact that T is nonzero, it follows that 
Homjvf(-F^, -E^) is non reduced to zero. This proves that F appears 
as a submodule of E, that we still denote by F. Moreover T is the in- 
duced map from an element of YiomM^F^i E^) and Vi is equal to i$F^. 
Going through the quotient of V by ipF^^ and applying the induction 
hypothesis, one gets the result. □ 

Proposition 4.8. Generic basic geometric Lemma. 
One keeps the notations of Lemma 4-6, namely P = MU , P' = M'U' 
are parabolic subgroups of G, E(P) is the set of Am -roots in the Lie 
algebra of P, {6, E) is a smooth representation of finite length of M 
and X is a complex subtorus of X{M) stable by complex conjugacy. 
We assume that the Lie algebra of X , denoted by b C {ci\j)c, contains 
at least an element u such that {v, a) is strictly positive for each a 
element of the set S(P). 

If w & W{M'\G/M), let us denote by P^ (resp., P[^) the parabolic 
subgroup of G such that P^ <Z P (resp., P^ C P') and defined by: 

p^ = (M n w-\p')u, p; = (M' n w.P)U'. 
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There exists a dense open subset O of X, whose intersection with Xu 
is dense, such that: 

(i) For X e O and w e W {M'\G / M) , the map a^^y, is well defined 
from i^E^ to V^^^ := iM'nw.p'^ijMnw-KP'Ey^) by: 

(Xx,M = rM'[A{P^,w.Pyj,wjMnw-KP'Sx){X{w) o jMnw-'L.P' ° v)], 

for V G ipE^ . Moreover it goes through the quotient to a surjective 
morphism of M' -modules from jpdpE^ to V^,m,; that we will denote in 
the same way. 
(a) For X e O, the map 

c^x '■ jp'iipEx) ®wgw(m'\g/m)Vx,w, 
whose components are the a^,"" ^'^ '^^ isomorphism of M' -modules. 

Proof. Let us denote by the Levi subgroup of which contains 
A' = w.A. Then = M' n w.M. 

Prom the properties of intertwining integrals (cf. Lemma 4.4), a^ ,^ is 
well defined for x element of X and such that wx\m' is element of some 

(P^,w.P^)-subset of X(MJ. 

We denote by Xy, the set of such x- Such a set is open in X. Let us 
show that it is dense in X. If it was false, the complementary set of 
some (P^) w.P^)-subset of X(M) would contain the set of wx\mi^ when 
X varies in a nonempty open subset of X. Thus, by looking to tangent 
spaces, one would see that wb should be contained in the orthogonal 
subspace to some non empty collection of roots, a, of the maximal split 
torus of the center of M^, Am^, in the Lie algebra of P^ and which are 
not root in the Lie algebra of w.P^j. But, by the hypothesis on X in 
Lemma 4.6, such a root would be trivial on waM, as the roots which 
are orthogonal to b arc trivial on Om- Hence it would be a root of Am^ 
in the Lie algebra of the intersection of P' with w.M. On the other 
hand, from the definition of Pw one sees that: 

w.M n P' C w.P^. 

Moreover one has: 

w.M n P' = {w.M n M'){w.M n u'). 

From the definition of P^ one concludes: 

w.M DP' C P^. 

Hence one sees that w.M fl P' is a subset of w.P^^ fl P^ and there is no 
root having the required property. This achieves to prove that X^ is 
dense in X. One sees similarly that X^ n Xu is dense in Xu. 
Let us denote by V the G-submodule {X{w){jMnw-'^.P' o v)\v e i$E^} 
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of ^w.pA^jMnw-i.P'E^)- From the surjcctivity of junw-KP' and the 
surjectivity of tm from i%E^ to one concludes, by "transport de 
structure", that tm'dw.mV ~ wjmcwj-'^.p'Ex- By Lemma 4.5, one con- 
cludes that for X element of an open dense subset of X^j one has: 

rM'r\w.M{A{P!^,Py,,wjMr\w-'^.M'E-x)V) = wjMnw-\P'Ex- 

As fM'nw.M = fM'mu.M ° fM'i one concludes that for x element of this 
open dense subset of Xy,, the image of ay^,wi (^x,w{i'pE^ satisfies: 

TM>r\w.MOix,w{'i''pE^) — wjMnw-^.P'Ex- 

Then from Lemma 4.7, one deduces that for x element of an open dense 
subset of Xyj, the image of a^^^ is equal to iM'nw pi'^JMnw-'^.P'E^). 
Hence the image of a admits = i^,i-^^ p{wjMnw-^.p'E^) as a quo- 
tient. The fact that a goes through the quotient to jp'{ipEx) follows 
from the fact that, in the definition of all maps are G-morphisms 
except Tm' which goes through the quotient to an M'-module map on 
the Jacquet module. This achieves to prove (i). 

(ii) Using (i) and Lemma 4.6, one sees that for x in a dense open subset 
of X, O, whose intersection with Xu is dense in a^^^ is surjective 
for every w G W{M'\G/M) and that the various V^^w have disjoint sets 
of Bernstein's parameters. This implies (cf. (9.5)) that the image is 
equal to the direct sum of the V^^^- So a is a surjective M'-module map 
from jp>{ipEx) to <3)w&w{m'\g/m)Vx,w- On the other hand, by Proposi- 
tion 4.6, jp>{ipEx) is an M'-module isomorphic to ©«,giy(M'\G/M^,w 
By looking to the length of modules, one concludes from this that a is 
bijectivc. □ 

Let P and Q be two parabolic subgroups of G, with common Levi 
subgroup M. Let {S, E) be a smooth representation of finite length 
of M such that the operators A{Q, P, 5) and A{P, Q, 5) are well de- 
fined. Then the restriction of the transposed operator of A{Q,P,5), 
*A{Q,P,5), to the space of smooth vectors intertwines {tQSy with 
{ipSy. Using the canonical isomorphism of i^E with {i^Ey and igE 
with {tQEy, the restriction of ^A{Q, P, d) to the space of smooth vec- 
tors defines an intertwining operator between igE and ipE which, by 
(4.4), is equal to A{P, Q, S). 

Proposition 4.9. One keeps the notations of the preceeding Proposi- 
tion. Ifw e W{M'\G/M), let us denote by P^ (resp., P!^) the parabolic 
subgroup of G such that Pyj <Z P (resp., C P'~) and defined by : 

Py,^(Mn w~\p'-)u, p; = (M' n w.P)u'-. 
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There exists a dense open subset O' of X, whose intersection with X„ 
is dense in X^, such that: 

(i) For xeO' andwe W{M'\G/M) and v e (ipE^)": 
Px,w{^) ^M' o ^A{w.Pyj, P^, w.jMnw-KP'S^) o X{w) o jMnw-KP'- o V 

is a well defined element of (V^^yj)" where T^^^ := i^'i^^y^ p{wjMnw-'^.P' E^) ■ 
Moreover the map /3^^w goes through the quotient to a surjective mor- 
phism of M' -modules from j pi- {{ipEyJ") to (Vy^^yj)' that we will denote 
in the same way. 
(a) For X G O' , the map 

whose components are the (3^^^ is an isomorphism of M' -modules. 

Proof The fact that (3^,w{v) is a well defined element of (K^,^)^' follows 
from the definitions. The rest of the proof is similar to the proof of the 
preceeding Proposition, using the isomorphism of the smooth dual of 
a parabolically induced representation with the parabolically induced 
representation of the smooth dual of the inducing representation. □ 

4.3. Generic basic geometric Lemma and iJ-forms. Wc come 
back to our assumption that the characteristic of the residue field of F 
is different from 2. Let us keep the notations of the preceeding Proposi- 
tion. Let X £ O'. We set V — i$Ex- The Second adjointness Theorem 
shows that {ipE^)p' is canonically isomorphic to {{{ipEy.y)p'-y. Prom 
the preceeding Proposition, the isomorphism /3^, determines an isomor- 
phism 

7x • jP'i^P^x) ~^ ^P',l '■= ®w&W{M'\G/M)yx,w- 

We denote by ^^^^j the composition of 7,^ with the projection onto 
V-x^^w For a smooth G-module V, we recall that (., .)p/ is the canonical 
pairing between Vpi and {y)pi-. In other words, the isomorphism 7^ 

is characterized by 

(4.17) {vp.-,vp>)p, = {f3^{v),j^{v)),v eV,veV, 

where, in the second member of the equality, the pairing is the natural 
pairing between (Vp/^i)^and Vp/^i. 

Theorem 4.10. We keep the notations of the preceeding Proposition. 
We assume moreover that P and P' are a-paraholic subgroups of G. 
Let X e O' and let ^ be an H-form on V := ipE^. We define: 

We will denote the components of the linear form on Vp/^i — 
®wew{M'\G/M)V-^,w, C Cp'- ° 7x^ ^p'-,w e {Vx,wy , where V^^^y, := 
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^M'nw.pi^jMnw-KP'Ex)- 
Then one has: 

Proof. Let J be a compact open subgroup of G with a cr-factorization 
with respect to (P', P'~). Let v be an element of V"^. Let us compute 
{^pi-,vp'). First one has, from the definition of 7^ and 

(4.18) {^p,.,vp,)^{e,lxM)- 

From the definition of ^p/- and of the cr-factorization (cf. (3.6), Propo- 
sition 2.3), one has: 

{^P'-:Vp>) = {{eji)p,-,Vpi)pi. 

From (4.17), one sees: 

{Cp'-,vp') = (/3^(ejO,7x(^P'))- 

Let us denote by the element of the dual of Vp/^i whose components 
are 

Tm' >1('«;-Pt(;, P'w, W-jMnw-KP'^x) ° K'^) ° JmHw-^P'- ° 

Using Proposition 3.2, Proposition 3.1, and the definition of in 
Proposition 4.9, one sees easily that 

Hence we get a second expression for {^p'-.vp/): 

{^p'-,vp') = {ej^,^^,-f{vp>)),v e V^. 

Together with (4.18), this implies that and are equal on Vpl^^. 
As there are arbitrary small open compact subgroups of G with a cr- 
factorization with respect to (P',P'~), this implies that = This 
finishes the proof of the Theorem. □ 

5. Two KEY Lemmas and some of their consequences 

5.1. Families of distributions on PH, where P is a parabolic 

subgroup of G. We keep the notations of the preceeding subsection. 
Let O be a non empty open subset of X. A map x ^ Cx ^ (^p-^x)' 
defined on O is said to be weakly holomorphic if for all v e i^^pE, the 
map X ^ (^x'^x) is holomorphic on O. 

We will denote by the map C^iG) (g) E ^ i$E^ denoted by Ms^^p 
in equation (3.12) and we set := o M^. Let us prove: 

Let / G C'^{G) ® E. Then x ^ i^x^ f) holomorphic on 

(5.1) 

O, in other words % is a weakly holomorphic family of 
£^-distributions on G. 
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Let J be a compact open subgroup of K such that / is right and left 
invariant by J. Then v{'x) '■— {M^f)\K has its values in the finite 
dimensional space {i^j-^pEY . To see that x ~^ ^(x) is holomorphic, it 
is enough to check that for every k E K, x ^ i'^ix)){k) is holomorphic. 
By using left translates by elements of K, one can reduce to k = 1. But 
/ e C^{G) (8) E. Hence its restriction to P is invariant by a compact 
open subgroup of P, J', and is supported by a finite number of right 
cosets of J' in P, x,iJ' . Hence, using the definition of and the fact 
that the unramified characters are trivial on compact open subgroups, 
one sees that: 

(^(X))(l) = Ex(^r')( / 8T{^l'm^^PV)f{^^) drP). 

Hence x ^ ^(x) is holomorphic. Then (5.1) follows from the finite 
dimension of {iKnP^V from our hypothesis on the family {^^). 
Let (^^) be as above and assume that every has a zero restriction to 
the complementary set of a closed set F of X, which is left P-invariant. 
Then (cf. subsection 9.1) induces on F an i?-distribution denoted 
by If.x e (C~(P) ^ E)'. life C^{F) ® E, let /i e C~(G) ^ E he 
such that its restriction to F is equal to /. Then 

(5.2) iFAf) = ixih)- 

From this one concludes that: x ~^ ^f,x is a weakly holomorphic family 
of ^^-distributions on F. Similarly, if f2 is a left P-invariant open set of 
F, the restriction of ^p^-^^ to fl, {C,F,x)\n, is a weakly holomorphic family 
of ^'-distributions on Q. 

The following Lemma is one of the two key Lemmas in the article. 

Lemma 5.1. Let P be a parabolic subgroup of G. Let Aq he a a-stable 

maximal split torus of G contained in P, which exists by [HH], Lemma 
2.4- Let M be the Levi subgroup of P which contains Aq and let U be 
the unipotent radical of P. Let {6, E) be a finite length smooth repre- 
sentation of M and let X be a complex subtorus of X{M). Let O be a 
nonempty open subset of X . 

Let ^ ^ be a weakly holomorphic family, depending on x ^ O, of 
E -distribution on PH. We assume moreover that the family (i^^) is 
non identically zero and that for every x ^ O, C,^ is H -invariant on the 
right and S^-covariant under P (cf subsection 9.1). 
The morphism of Lie groups from X{M) to X{Ao) given by the re- 
striction has finite kernel. This allows to view the Lie algebra b of X, 
which is a subspace of the Lie algebra (aM)c of X{M), as a subspace 
of Lie algebra (ao)c ofX{Ao) ( cf (2.11)). 



38 



JACQUES CARMONA, PATRICK DELORME 



(i) Then it follows from our assumptions that this subspace is made of 
antiinvariant elements by a. 

(a) Moreover if b contains a strictly P -dominant element, v (i.e. such 
that (z^, a) > for every root, a, of Am in the Lie algebra of P), then 
P is a a-parabolic subgroup of G. 

Proof. There is no restriction to assume that O is connected and is 
never equals to zero. Also, by translation by an element of O, one can 
assume that O contains 1. The group PxH acts on PH by 

(p, h)g = pxh~^,g G PH,p e P,h e H. 

So PH is an homogeneous space under PxH homeomorphic to (P x 
H) / Diag{P f\ H) by the map (p, h) ph~^{ci. [BD] Lemma 3.1 (iii)). 
Let us denote by Sh the trivial character of H. Let us define the mean 
value operation Mpr^H which sends C^°°(P x H) ® E io C^{PH) O E: 

{MpnHf){ph) := [ f{px,x-'h) dixje C^{P xH)®E, 
JPr\H 

where dix is a left invariant Haar measure on P fl if. We define by: 

:= ° Mpr^H■ 

It is a weakly holomorphic family of ii^-distributions on P x H which 

1 /2 

are {5p ® 5^) ® S/^-left covariant under PxH. 

From Lemma 9.1, there exists rj^ & E' , such that for all e G and for 
all compact open subgroup, J, of P which fixes e under S, one has : 

(Cx>/)= / {Vx^SiP)fiP^h)e) dipdh^vol{J){ri^,e), 

J PxH 

where / = lj®/i®eG C^{P x H) ® E and /i is a smooth function 
on H with compact support and with integral equals to 1. 
As the family (^^) is weakly holomorphic, this implies that: 

(5.3) ij]^ is a weakly holomorphic family of linear forms on E. 
Also from Lemma 9.1, one deduces: 

(5.4) (5x)'(p)% = 5p'^Hip)^pip)W ePDH. 

Let a G Am and let b be equal to aa{a) eAonHdMnH. Then, 
one has: 

i5^nb)rj^ = 5pUb)Sp{b)vx. 
But i5^yib) = X''\b)5'{b) so that one has: 

(5.5) S'{b)v^ = 5^'^MSpib)x{b)Vx- 
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Let us consider the parabolic subgroup of M, M n cr(P). Its Levi 
subgroup containing Aq is equal to M fl a{M). Let us prove that: 

(5.6) T]^ G (EMna(P))', 

where EMr\a{P) is the Jacquct module of {5,E) with respect to the 
parabolic subgroup of M, M fl (j{P). 

Let X e Mn(j{U). From [BD] Proposition 2.1, there exists a unipotent 
subgroup V of Pno-(P), h G iJnV" and y G [/ncr(P) such that x = y/i. 
Then, as 5^ is trivial on U , one has: 

As /i G y n i/ and V is a unipotent subgroup of P, /i is an element 
of a union of compact subgroups of P (1 H. From the fact that a con- 
tinuous positive character on a topological group is trivial on compact 
subgroups, one deduces: 

SpUh)Sp{h) = 1. 
Similarly, as x is unramified, one has 

X{h) = 1. 

Hence, from (5.4), one gets : 

As X is an unramified character of M and x is an element of the unipo- 
tent subgroup of M, M n cr(t/), one has x(a;) = 1. From the previous 
discussion, one sees: 

S'{x)r]^ = r]^,xeMna{U), 

so that one has: 
which proves (5.6). 

The Jacquet module EMna(P) being an M fl (7(M)-module of finite 
length and b being an element of the center of M fl o"(M), the number 
of generalized eigenvalues of S'{b) on {EMnalu))' is finite. From (5.5), 
one deduces that the map X i— )■ x(6) is constant on O, and equals to 1 
as O is connected and contains 1. In other words we have proved: 

(5.7) x(ao-(a)) = 1, x e ^, a e Am- 

As X C X{M), one views an element of b as an element of (ao)c, 
which vanishes on a^. One deduces from (5.7) that: 

(5.8) i/(X + (7(X)) = 0,XGaM,i^eb. 
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Hence the restriction of v to Om + cr(ciM) is cr-antiinvariant. 
Recall that we have choosen a scalar product on ao which is invariant 
by the Weyl group of {G,Aq) and by a. Then i/ e b C (a'^)c is zero 
on the orthogonal to O-m, hence also on the orthogonal to <Xm + cr(ciM)- 
Hence v is cr-antiinvariant. This proves (i). 

Now let us assume that v is an element of b which is strictly P- 
dominant. Then, with the notations of (2.12), one has P = Py. One 
sees, from the antiinvariance of v that o'(P) = P_y which is clearly 
opposite to P. Hence P is a ci-parabolic subgroup of G. □ 

Lemma 5.2. Let P = MU he a parabolic subgroup of G and let (5, E) 
a smooth representation of finite length of M . Let X he a complex 
suhtorus of X{M) and let O be a non empty subset of X. Let x ^ 
be a weakly holomorphic family of H -fixed linear forms onipE^. defined 
for X e O. 

Let F be the union of the supports of the x G O. As these supports 
are left invariant by P and right invariant by H and as there are only 
a finite number of {P, H)-double cosets, F is closed. We call F the 
support of the family. 

Let A be a maximal split torus in M. Let Q be a {P, H)-double coset 
of G open in F. Then one can choose x E fl such that A^ := x~^.A 
is a a-stable maximal split torus contained in x~^.P. For such an x, 
x~^.M is the Levi subgroup ofx~^.P which contains A^. The conjugacy 
under x~^ induces a map x ~^ x~^x from X to a subtorus x~^ .X of 
X{x-\M) . 

(i) Then the Lie algebra ofx~^.X appears as a subspace of {axYc ''^(^de 
of antinvariant elements by a. 

(a) Moreover if X contains a strictly P-dominant element, x"^ .P is a 
a-parabolic subgroup. 

(Hi) With the assumption of (ii), one can choose x such that A^ is a 
maximally a-split a-invariant maximal split torus in the a-stable Levi 
subgroup of x~^.P. 

Proof. Let x be an element of Q. First x~^.P contains a cr- invariant 
maximal split torus of G (cf. [HH] Lemma 2.4). Two maximal split tori 
of a parabolic subgroup are conjugate by an element of this subgroup 
(see [BT], Proposition 4.7 and Theorem 4.21). Hence changing x into 
px, for a suitable p & P, one can assume that A^ is u- invariant. We 
denote by the restriction to Q of the induced i?-distribution ^i,;^ by 
on F (sec subsection 9.1). Then, from what follows (5.2), \{x^^)(-^ 
satisfies the hypothesis of the preceeding Lemma with P changed in 
x~^.P, Aq in Ax and X in x~^.X. Then (i) and (ii) are an immediate 
consequence of the preceeding Lemma. 
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Let us prove (iii). We are in the case where x^^.P is a a-parabohc 
subgroup whose cr-stable Levi subgroup contains a maximally cr-split 
(T- invariant maximal split torus of G. This implies (iii). □ 

5.2. Generic basic generic Lemma for if- forms and the role of 
(T-peirabolic subgroups. 

Proposition 5.3. Let P — MU (resp., P' — M'U' ) he a a -parabolic 
subgroup and let A (resp., A') be a maximally a-split maximal split 

torus of M (resp., M'). Let A^r (resp., A'^) be the maximal a-split torus 
of A (resp.. A'). We denote by X := X(M)o- the neutral component of 
elements of X{M) which are antiinvariant by a. Let {^^) be a weakly 
holomorphic family of H -forms on ipE^. defined for x in an open subset 
O of X . With the notations of Theorem 4-^0, let w be an element of 
W{M'\G/M). Let us assume that ^p'-^w 7^ where ^ = C,xo for some 
element Xo of O H O', where O' is as in Theorem 4-iO. Then one may 
change our choice of w in its class in P'\G/P in such a way that: 
(i) One has A' :— w.A. 

(a) The group w.P is a a-parabolic subgroup of G with a-stable Levi 
subgroup w.M and M' fl w.P is a a-parabolic subgroup of M' . 

(iii) The groups P^ and w.P^ are a-parabolic subgroups of G. 

(iv) One has the equality w~^.A'^ — A^. 

(v) The group w~^.P' (resp., w~^.P'~) is a a-parabolic subgroup of G 
with a-stable Levi subgroup w~^.M' and Mr\w~^.P' (resp., Mr\w~^ .P' ) 
is a a-parabolic subgroup of M. 

The groups P^u, P^^, P^,, Pl^, are a-parabolic subgroups ofG. 

Proof. It will be more convenient for the proof of this Proposition to 
denote A' by Ai in order to avoid too many '. 
First, as w e W{M'\G/M), one has w.A = Ai. 
Moreover : 

The Lie algebra of X is equal to the space {aM)c'^ of a- 
(5.9) antiinvariant elements of {qmYc that one can view as a sub- 
space of (cf. (2.11) and (2.14)). 

Wc denote by X' := {wx\M'nw.M\x ^ ^} which is closed in X{M' fl 
w.M) (cf., (2.9)). By looking to differential, one sees that on an open 
neighborhood of xo in OnO', the map x ^ wx\M'nw.M, from X to X', is 
an isomorphism whose inverse, defined on O" C X', will be be denoted 
x' ^ w~^x'- Wc will see that the family x' ~^ i^w-'^x') p'^ ,w defined on 
O" satisfies the hypothesis of the preceeding Lemma with G replaced 
by M'. From Theorem 4.10, only the weak holomorphy condition has 
to be proven. Let us study {{Cx)p'-,w,^wx) where e is an element of 
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the compact realization of i^',^^ pwjMnw-^.P'Ex- We choose a compact 
open subgroup of G, J, with a cr-factorization for (P', P'~) such that 
e is fixed by Jm'- One starts by using (3.6) and then one uses the fact 
that (ej^^) is an holomorphic family of J-fixcd vectors. One deduces 
from Proposition 4.9, that jMnw-^.P' ° weakly holomorphic if for 
all V in the compact realization of i'fE, the map x ^ {{Px,w{v)^ e^,^) is 
holomorphic on O', where f3^^w{v) — {vx)p'~,w- This follows easily from 
the definition of (3x,w{v) (cf. Proposition 4.9) and from the holomorphy 
properties of the intertwining integrals. 

As P is a cr-parabolic subgroup, X contains strictly P-dominant el- 
ements and X' contains a strictly M' fl i/;. P-dominant element. The 
conclusion of the prccccding Lemma, applied to M' instead of G, asserts 
that there exists m' G M' such that A2 := m'w.A = m'.Ai is a maxi- 
mally (T-split, (T-stable, maximal split torus of M', Q := m' .{M' nw.P) 
is a (7-parabolic subgroup of M', m'.X' and hence m'w{aM)'~'^ C (02)' 
is made of cr-antiinvariant elements, where {<Xm)'~'^ is the space of an- 
tiinvariant elements of (om)'- Then the half sum of the roots of A2 in 
the Lie algebra of Q, Pq, satisfies: 

(5.10) pQ e M-". 

Two maximally a-split cr-stable maximal split tori of M' are con- 
jugate by an element of M' which conjugates their maximal a- split 
tori, because two maximal cr-split tori are conjugate, and two max- 
imal split tori in the centralizer of a maximal cr-split torus are con- 
jugate. So one can choose m" in M' such that m" .A2 = A' and 
^"(02)'"'^ = (cii)'"'^. Then from (5.10), one sees that the parabolic 
subgroup of M, Q' := {m"m'w.M) fl P', contains Ai and the half sum 
of the roots of Ai in its Lie algebra pqr is an element of (ai)'~ . Using 
(2.12), one sees that it is a cr-parabolic subgroup of M. One will change 
w to m"m'w. Hence one has: 

(5.11) w.A = Ai, w(aM)'-" C (ai)'-'^ . 

Let us show that w satisfies (ii) and (iii). Let pp G a'^j C a' be the half 
sum of roots of A in the Lie algebra of P. We define similarly Pw.Py,, 
ppi^ and pp'nw.M with respect to Ai. These are elements of (oi)'. One 
has : 

(5.12) pyj,p^ = pp'nw.M + w.pp. 

As P is a (7-parabolic subgroup of G, one has pp G (om)'"'^- Prom 
(5.11), one deduces that: 

(5.13) wpp e (ai)' is (7-antiinvariant. 
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It follows that w.P is a a-parabolic subgroup of G. The group w.M is 
the Levi subgroup of w.P which contains Ai — w.A, whose Lie algebra 
is the sum of the Ai-weight spaces for weights a which are equal to zero 
or to an Ai-root a such that {wpp,a) = 0. As wpp is cr-antiinvariant, 
one sees that w.M is cr- invariant. As P' is a cr-parabolic subgroup of 
G, a{P') n P' = M', which implies: 

a{P' n W.M) nP'n w.M = M'n W.M. 

As M'n W.M is the Levi subgroup of the parabolic subgroup P'Hw.M 
of w.M which contains A', this implies that P' fl w.M is a cr-parabohc 
subgroup of w.M with cr-stable Levi subgroup equals to w.M fl M'. 
Hence 

(5.14) Pp'ciw.m is antiinvariant by a. 

Prom (5.12), (5.13), (5.14), one sees that Pw.p^ £ (di)' is a- 
antiinvariant. It follows from (2.12) that w.Pyj is a cr-parabolic sub- 
group of G. One sees easily that its cr-stable Levi subgroup is M'Hw.M. 
Similarly one proves that P^ is a cr-parabolic subgroup of G, by using 
the equality: 

PPi, = PM'Hw.P + Pp' 

and that P' (resp., M' fl w.P) is a cr-parabolic subgroup of G (resp., 
M'), as w.P is a cr-parabolic subgroup of G from (5.13) and w.M is its 
cr-stable Levi subgroup. 

Altogether we have found a choice of w which satisfies (i) , (ii) and (iii) . 
We will modify our preceeding choice of w to get one which will satisfy 
also (iv). 

Let w be as above. Then {w.P)wH = wPH is open in G. More- 
over w.P is a cr-parabolic subgroup of G, {Ai)^- is a maximal cr- 
split torus contained in w.P, hence contained in its cr-stable Levi 
subgroup w.M. As any {w.P, H)-open orbit has a representative 
which is (74i)o.-good (cf. 2.17), there exists p' = w.p with p & P 
such that w' {w.p).w — wp satisfies w'~^.{Ai)„ is cr-split. But 
w'~^.{Ai)^ C p'^.A c P. As w'~^.{Ai)^ is cr-split, it is cr-stable hence 
contained in M = P fl cr(P). Hence w'~^.{Ai)„ is a maximal cr-split 
torus in M . Then, as all maximal cr-split tori in M are conjugate (cf. 
[HH], Proposition 1.16), wc can choose an element m of M, such that 
w" — w'm satisfies w"~^.{Ai)a. = A^. Then w"~^.A' is contained in the 
centralizer of A„ which is contained in M. So one can choose nii cle- 
ment of this centralizer such that Wi := w"mi is such that w^^.Ai = A 
and w^^.{Ai)a- = A„. Hence, as pp G a!~'^ , wipp is cr-antiinvariant and 
wi.P is a cr-parabolic subgroup of G. As above, one sees also that it 
implies that Wi.M is its cr-stable Levi subgroup. Then, as above, one 
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sees that wi satisfies (ii) and (iii). As P' is a a-parabolic subgroup of 
G, ppi is an element of (ai)'~°' and one gets w'^^ppi e a'~°'. One sees, 
as above, that Wi^.P' is a cr-parabolic subgroup of G with cr-stable 
Levi subgroup equals to w^^.M'. This implies easily that M fl Wi^.P' 
is a cr-parabolic subgroup of M with cr-stable Levi subgroup equals to 
Mnw^\P'. 

Then the assertions on P^^ , P^i > -P^i > -P^i follow easily. Thus wi has 
the required properties. □ 

5.3. Intertwining integrals and support of families of if-forms. 

An ordered pair (P = MU, P' — MU') of parabohc (resp., a-parabohc 
subgroups) of G, is said adjacent (resp., cr-adjacent) if there is a unique 
reduced Aj^-root (resp., reduced (AM)o--root), a, which is positive for 
P and negative for P' . Wc denote by A" the group of F-points of the 
neutral component of the kernel of a in A^^ (resp., {Aj^)cr) and by M° 
the centrahzer of A"' in G. The group P"' generated by P and P' is a 
parabolic (resp. cr-parabolic) subgroup of G with Levi (resp., cr-stable 
Levi subgroup ) and unipotent radical C/" contained in [/ n [/'. 
It is easy to see that a is P-simple. 

A minimal string of parabolic (resp., cr-parabolic) subgroups of G be- 
tween two parabolic (resp., cr-parabolic) subgroups of G, P = MU , 
P' = MU', is a sequence (Pj)j=o,...,r of parabolic (resp., cr-parabolic 
subgroups) of G, such that Pq = P,Pr = P' and (Pj, Pj+i) is adjacent 
(resp., cr-adjacent) for i = 0, . . . , r — 1. Such a string always exists (cf. 
[KnSt], before Theorem 4.2 for parabolic subgroups and it works in a 
same manner for cr-parabolic subgroups). 

The next Lemma is the second key Lemma of the article. It was sug- 
gested by a geometric result of Matsuki (cf. [M], Lemma 3). 

Lemma 5.4. Let P = MU and Q = LV be two a-parabolic subgroups 
of G, with P G Q. Let {S, E) he a smooth irreducible representation 
of M. Let P' = MU' he an other a-paraholic subgroup of G such that 
(P, P') is a-adjacent, and let a he the unique reduced {AM)a-i^oot which 

is positive for P and negative for P' . One assumes that the restriction 
q;|^-<t of a, to a'l'^ is non zero, where 0^°^ is the suhspace of elements 
of aL antiinvariant by a. 

We denote by X{L)„ the neutral component of a -antiinvariant elements 
ofX{L). 

Let ^xbe a weakly holomorphic family of H -forms on ipE^ defined 
for X in m open subset, O, of X{L\M)a- := {x|m|x G X{L)a}. Let us 
assume that the support of every has an empty interior in G. 
One has the following: 



CONSTANT TERM OF EISENSTEIN INTEGRALS 



45 



(i) The set O' of x ^ O such that A{P,P',dyJ has no pole is an open 
and dense subset of O. 

(ii) If X £ O' , the support of o A{P, P', 5^), which is an H-form on 
i%E^, has an empty interior in G. 

(Hi) Let Q' be the a- adjacent a -parabolic subgroup of G determined 
by the Q-simple {Ai^)„-root Oi\ai'' ■ Then P' C Q' and {Q,Q') are a- 
adjacent. 

Proof. The fact that O' is dense follows from Lemma 4.4. This proves 
(i)- 

We want to prove (ii) for a given x ^ O'. Changing 5 to 5^, one may 
assume that x = 1 ^ O'. We set ^ := ^i. 

The union of the (P, H) double cosets PxiH which are open in the 
support of ^ is dense in this support. Prom Lemma 4.2, the support 

of ^ o A{P, P', S) is contained in c/(P"Supp(T)), hence in the union of 
cliP'^XiH) as for A,B, subsets of G, cl{Acl{B)) = d{AB) and cl{A U 
B) = cl{A) U cl{B). Hence it suffices to show that: 

(5.15) For all x — Xi one has P"xH with empty interior. 

Let A be a maximally cr-split torus cr-stable maximal split torus in 
M, which is automatically maximally a-split cr-stable maximal split 
torus in G as P is a cr-parabolic subgroup. We may and will choose 
X in its double (P, if)-coset such that x~^.A is cr-stable (cf. Lemma 
5.2). The Lie algebra of X := X{L\M)^ identifies with (a^)c''. By a 
left translation by x~^, we can apply Lemma 5.2 and one sees, using 
(2.14), that: 

(5.16) x-^al") C (x-^a)-". 
One sets: P^ = x'^.P, P^ = x'^.P' etc.. 

We denote by g the Lie algebra of the algebraic group G such that 
G — G(F). By abuse of terminology we will say that g is the Lie 
algebra of G. We use a similar terminology for the subgroups of G 
which are the group of F-points of a subgroup of G defined over F. 
Let g{a) (resp., g{—a)) be the Lie algebra of U flM" (resp., f/'flM"). 
Similarly let g{x~^a) (resp., g{—x~^a)) be the Lie algebra of Ux n M" 
(resp., U'^nM^). One has: 

Px= 9{-x~^a)+p^. 

We fix Yx = x^^Y G ^""'^(o^^'^), where F is a strictly Q-dominant ele- 
ment in (a'^)"'^ which is canonically identified to 0^°^ (cf. (2.14)). Then 
an 743;-root /3 is such that l3(Yx) > if and only if the corresponding 
root space is contained in v^. But g{a) G v, as P (Z Q and a\a^ ^ 0. 
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So one has {x ^a){Yx) > 0. Let us prove that: 

h + p ^h+p°'. 

— —X — 

The only thing to prove is that g{—x'^a) d h + p^^. Let /3 be a root of 
Ax in g{—x~^a), so that (5{Yx) < by what have been said above. Let 
Z be an element of the corresponding weight space in g. Let the 
Ax root ^ocr. Then (J^(l^) = p{a{Yx)). But as x~^{al") is contained 
in the space of antiinvariant by a (cf. (5.16)), one has criYx) = —Y^ 
and a/3{Yx) = —(3{Yx) is strictly positive. Hence cr(Z) is an element of 
C p^. Consequently one has: 

Z ^ {Z + a{Z)) - a{Z) eh + p^, 

which achieves to prove (5.17). 

Let us assume that P^H has a non empty interior. We will prove 

that it leads to a contradiction. From (2.17) and Lemma 2.2 (iv), one 
deduces that P" is a cr-parabolic subgroupof G. Hence (9.6) implies 
that P^ is a cx-parabolic of G and (9.7) implies 

h + p^^g. 

Then, together with (5.17), it implies that h + Px = g- Hence (cf. 
Lemma 9.3), HPx is open. Prom Lemma 9.4, one sees that PxH would 
be open in G. This is a contradiction with our hypothesis on the 
support of ^, which implies (5.15). We have thus proved (ii). 
The assertion on Q' in (iii) being clear, this achieves the proof of the 
Lemma. □ 

Lemma 5.5. We keep the notations of the previous Lemma, except that 
P' is not necessarily adjacent to P . We assume that every {AM)a-f^oot 
which is positive for P' and negative for P satisfies OL\a~'' 7^ 0. Then 
the same conclusion as in (i) and (ii) of the previous Lemma is valid. 

Proof. Let Pq, • • • -Pr be a minimal string of cr-parabolic subgroups be- 
tween P and P' . We will prove by induction on i that for % G O', 
the support of A{Pi,P, (^x)Cx empty interior in G and we will 

define cr-parabolic subgroups oi G, Qo — Q, ■ ■ ■ , Qr, with cr-stable Levi 

subgroup L, such that: 

The family (^^) := ((^^o A(Pj, P, S-^)) is such that (Pj, Pj+i), Qi satisfies 
the hypothesis of the previous Lemma, by the induction hypothesis. 
The Lemma follows by using this previous Lemma. □ 



(5.17) 
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6. Families of //-forms on induced representations from 



6.1. Families of iJ- forms on induced representations from a- 
parabolic subgroups. Let P — MU be a cr-parabolic subgroup of G. 

Let (5, E) be a smooth representation of M with finite length. Let 
be a set of representatives of the open (P, i/)-double cosets as in (2.17): 
here is a maximal ex- split torus of M . As remarked in Lemma 2.2, 
if X e W^, x~^.P is a (j-parabolic subgroup of G. We define 



We have the following mild generalization of [BD], Theorem 2.8, that 
one gets in an entirely similar way (see the comments following the 
statement). Notice that this statement is true assuming only that the 
characteristic of F is different from 2, as it is shown by the examination 
of the proof. 

Proposition 6.1. Let us assume that we are given a a-split torus 
B C Am, and a complex subtorus of X{M)^, X. We use the iden- 
tification X{M)a- and given by a suitable scalar product on Om (see 
(2.11 ) and (2.14 ))■ assume that the Lie algebra of X identifies 
to be and that A{B) C b contains strictly P-dominant elements, 
(i) Let X £ X{M)cr. Let us denote by the subspace of elements of 
ipE^ whose support is contained in the union of the open {P, H)-double 
cosets. 

There is a canonical linear isomorphism between E'{6, H) and J'^ 
which associates to rj E E'^'^^-^ , the element ^'{P,6^,ri) of J'^ de- 
fined by: 



(a) There exists an open dense subset, Oo, of X such that for x G Oq. 
^'{P,6^,ri) extends uniquely to an H-form, ^{P,6^,ri), on ipE^. In 
particular for x £ Oq, every H-form on ipE^ whose restriction to the 
open {P, H) double cosets is equal to zero is itself equals to zero. 
(Hi) Moreover there exists a polynomial function, b, on X, such that 

for every v G i^np '^"^ V ^ -^'(^) H), x ^ Kx){i{Pj ^x-i '^x) ^^t^nds 
to a polynomial function on X. 

The main point for this generalization of [BD], Theorem 2.8, is the 
generalization of [BD], Lemma 2.5 with our X. But it is straightfor- 
ward. 
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E'{S,H) = (B,^^aE 
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Then, wc will sec that one has: 

(6 1) ^ " iVx)xewg, all X e W^, rM{p{x)^{P, S^, r})) = 

Vx- 

For X — 1, it follows from section 9.1 and [BD], Equation (2.33). Now 
the assertion reduces to the one for x = 1 applied to the x.if-fixed 
linear form p{x)^{P,5^,'r]). 

6.2. S-matrices. 

Proposition 6.2. We keep the notations of the preceeding Proposition. 
Let Q be a a -parabolic subgroup ofG with a -stable Levi subgroup equals 
to M. There exists a rational function on X(M)o- , x ^ B{P-,Q)^x) 
with values in Endc(-E''((5, H)) such that one has the equality of rational 

maps on X{M)„: 

e(g, 5^, ri) o A{Q, P, S^) = ^{P, a, B{P, Q, d^)ri), ri e E'{5, H). 

More precisely, let Ba (resp., ) be a non zero polynomial function on 
X{M)„, such that for all v in i^^pE, x ^ -P^ ^x)"^) (resp., 

and for all rj G E'{6,H), x ^ b^{x){i{Qj^x^v)y'^x)) ^■^ polynomial on 
X{M). Then for all rj e E'{S, H), the map x ^ {bAb^{x))B{P, Q, a^)r) 
is a polynomial map on ^(M)^. with values in E'{S, H). 



Proof. From Proposition 6.1, for x element of a dense open subset, O, 
of X{M)„, there is a unique 9{x) ^ H), such that 

hix)m, S^, V) o (bA{x)A(Q, P, 5^)) = aP, S^, 0(X))- 

Let us show that the map x ^ ^(x) is polynomial in x e X{M)^. Let 
(^{x)x:X e be the components of ^(x)- First, let us prove: 

(6.2) For all e E E, {6(x)i, e) is polynomial in x e X(M)^. 

Let J be a compact open subgroup of K which has a cr-factorization 
for (P, P~) and such that e is fixed by Jm- Then one has from (3.20) : 

{eix)i, e) = Voi((x n p)JH)-\m. s^, ^(x)), <0 

= Vol((ir n P)JH)-\ix){m V): &a(x)A(Q, P, 5J</^). 

It follows from (3.10), that the restriction to K of v^'^ is independent 
of X- Hence, from the properties of b^, one sees that x "^(x) • = 
6a(x)^(Q, -P, ^x)'^r/ i^ polynomial in the compact realization. Hence 
(6.2) follows. 

Let X e Wm- apphes (6.2 ) to p{x)^{P, 5^, rj) by changing a to ax- 
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One concludes that the map % 9{x) is polynomial in x G X{M)a 
Then 

B{Q,P,a^)rj := (&^M"'(x)^(x) 
satisfies the required properties. □ 

7. Main Theorems 

7.1. Let us prove 

Let P = MU be a cr-parabolic subgroup of G and let A^^ be 
(7.1) a maximal cr-split torus of M. If x,x' e G are Ag-'good and 

PxH — Px'H then x' = mxh with m E M. 
One has a;' = muxh with m G M, u, E U, h E H. As is Ag-- 
good. x'-\M is (T-stable, which implies that x ^.u ^.M is ci-stable. 
Let M' = x^^.M which contains x~^Afj. Then M' is the a-stable Levi 
subgroup of the cr-parabolic subgroup P' :— x~^.P (cf. Lemma 2.2). 
Hence, as x~^.{u~^.M) C P', one has x~^.{u~^.M) = x^^.M, which 
implies that u~^.M = M . Hence, for all m G M, u^^mu G M which 
implies m~^u~^mu G M. Then m~^u~^mu is element oi U H M hence 
is equal to 1. Hence u commutes to M. This is possible only ii u — 1. 
Hence x' — mxh, which proves (7.1) 

Lemma 7.1. (i) Let P — MU,R — LV C P be two a-parabolic sub- 
groups of G. Let Q be equal to RUM, which is a cr-parabolic subgroup 
of M with a-stable Levi subgroup equal to L. Let A„ be a maximal 
a-split torus of M. If x E M and fl = Qx{M n H) is open in M then 
RxH is open in G. 

(ii) Let x,x' E M which are A^-good. If RxH — Rx'H, one has 

Qx{MnH) =Qx'{MnH). 

(Hi) Let {d, E) be a smooth representation of L and let ^ be an H-form 
on i%E. If Supp(^) C G has an empty interior, the same is true for 
the support offuC ^ {'^q^Y- 

Proof (i) The first claim on Q is clear as Q n a{Q) = Rn a{R) DMn 
a{M) = L. 

The map P x H ^ PH, {p, h) H- ph, is open (cf. [BD], Lemma 3.1) 
and UVt is open in P. Hence UVtH is open in PH and also in G, as 
PH is open in G. But UQH C RxH. It implies that RxH has a non 
empty interior, hence is open. 

(ii) By (7.1) applied to R, one has x' — Ixh with I E L,h E H. Hence 
h is element of M (1 H and (ii) follows. 

(iii) Let us prove that with our hypothesis, 1 does not belong to the 
support of tmC- The hypothesis implies that rtC = 0. From Proposi- 
tion 3.1, one deduces that f^^ = ^l(^mO) — 0> which is equivalent to 
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1 is not in the support of fui- Tiiis proves our claim. 
Now let X as in (i). Changing of representative in Qx{H fl if), we 
may assume (cf (2.17)) that x is Ao--good . Then P is a o"^.-parabolic 
subgroup of G (cf. Lemma 2.2). Then one applies the first part of the 
proof to p{x)^, which is fixed by x.H, replacing a by a^- This implies 
that X is not element of the support of tmC- ^ 

Lemma 7.2. Let P = MU, R = LV be two a-parabolic subgroups 
of G with R <Z P. Let Q — M n R, which is a a-parabolic subgroup 

of M. Let A be a a-stable maximally a-split maximal split torus of 
L. We choose the set such that its elements are A„-good. Then 
for all y e W^, y~^.M is a-stable, y^^.Q is a a-parabolic subgroup of 
y~^.M with a-stable Levi subgroup equals to y~^.L. For all y G W^, 
we choose W^_i '^ such that its elements are y"^ .A^^-good. Then W := 

yjy^y^ayWy.t'^ is made of A^-good elements, the union being disjoint, 
and may be taken as . 

Proof We will show that W is a set of representatives of the open 
{R, if)-double cosets in G. 

Let X = yz, x' = y'z' e W with y, y' eWg,ze Wflf, z' e Wflf 
Then x, x' are Ao--good. Hence RxH and Rx'H are open. Moreover 
PxH = PyH, Px'H = Py'H as ^ e y~^.M, z' e y'-^.M. Let us show 
that : 

(7.2) The equality RxH = Rx'H implies y = y' and z = z' . 

Our hypothesis implies PxH = Px'H. By what we have just seen, it 
implies PyH = Py'H. Hence one has y = y'. 
First, let us assume that y = y' — 1. 

Then z,z' e M are A^^-good, RzH = Rz'H, and, by (7.1), z' = Izh 

where / G L and h e H. Hence one has G M n if . li Q = Rn M, 
z, z' determine the same {Q, M fl if)-double coset. This implies that 
z' = z. Hence this proves (7.2) if y = y' = 1. 

For the general case, we apply this to y'^.L and y~^.R in order to 
achieve to prove (7.2). So W is a set of representatives of certain open 

{R, i/)-cosets. 

Reciprocally, let RxH be an open (i?, i7)-double coset in G. We may 
assume that x is A^-good. Let Q — Rn M. Let us show that there 
is G W with RxH — Rx'H. First there exists y G such that 
PxH = PyH. Let us assume that y = 1. Then, by (7.1), one has 
X = mh with m G M, h & H. Hence one can assume x G M. As x E M 
is yl(,-good, Qx{H n M) is open in M and Qx{H f] M) = Qx'{H n M) 
with x' G yVf^. Then RxH — Rx'H as wanted. In general one changes 
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P to P' = y-\P, Rto R' = y'\R. Hence one has P'y-^xH = P'H, 
as PxH — PyH. Then one uses our last result. □ 

7.2. (j-exponents of jp-^. 

Definition 7.3. Let (tt, V) be a smooth representation of G of finite 
length. Then it is a finite direct sum of generalized eigenspaces under 
^G,(T '■— (^g)(t- If is a character of Ac,a, let us denote by V{i') the 
corresponding generalized eigenspace of V and by ,^(z/) the restriction 
to V{u) of any element ^ of V, which might be extended to an element 
of V , which is zero on the other generalized eigenspaces denoted also 
^{i/). If ^ e V'^, Exp(^) will denote the subset of u such that ^{u) 
is non zero. The elements of Exp(^) are called the Aca-^^ponents or 
(7-exponents of ^. 

Theorem 7.4. Let P = MU (resp., P' = M'U' ) he a a -parabolic 
subgroup of G and let A (resp., A') be a maximally a -split a -stable 
maximal split torus of M (resp., M'). Let {P'\G / P)a be the set of 
{P', P)-double cosets in G having a representatitve w such that w.A — 
A', w.A„ = A'^. We denote by W{M'\G/M)^ a set of representatives 
of {P'\G / P)a- with this property and we assume that W{M'\G/M)^ C 
W{M'\G/M). 

Let {S,E) be an irreducible smooth represention of M, r] G E'{S,H). 
Let O' he as in Theorem 4-^0, with X — X{M)a. Let Oq he the open 
dense subbset of X{M)a from Proposition 6.1 (ii). Let x e O' fl Oq 

and let ^ = ^{P,5^,r]). 

(i) Let w G W{M'\G/M). Then if {i)p'-,w is non zero , one has 
w G W{M'\G/M)„. 

(ii) Ifwe W{M'\G/M)„, Q = M n w~^.P' is a a-parabolic subgroup 
of M' and L = M nw~^ .M' is its a-stahle Levi subgroup. We introduce 

as in the preceeding Lemma. 

If y E W% and z G ^Vy-i'^ , we define z' := yzy~^ G M and x = yz. 
Then 5\z')rjy is M Hx .H -invariant, Q is a ax-paraholic subgroup of M. 
Hence jq-S'{z')r]y is defined. 
(Hi) One writes 

Eq = E^® Sq, 

where Eq is the sum over y G and z G VV^_i'^ of the Al^^- 

weights space corresponding to the set of exponents of jQ-S'{z')rjy, where 
z' = yzy^^ and Eq is the sum over the other weights. 
Then, for x element of an open dense subset, O" ofOoHO', the Am',(j- 
exponents of ^pi-^^ are of the form (wx'^)|a^, ^ where x+ is an AM',a- 
eigenvalue of (Eq)^ . 
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Proof, (i) If Cp'-,«j is non zero, one has w G W{M'\G/M)cr by Propo- 
sition 5.3. This proves (i). 

Let us prove (ii). From (i), ur^.P' is a cr-parabohc subgroup of G, as 
w is A^-good, which contains A. Hence Q is a cr-parabohc subgroup of 
M. 

Let x,y,z as in the statement of (ii). The hnear form on E, S'{z')riy 
is M n x.iJ-invariant as ^^^^ is M fl |/.i7-invariant and z'y — yz — x. 
By construction of W^, x is Acr-good. Hence Q, are opposite cr-- 
parabohc subgroup of M (cf. Lemma 2.2). This achieves to prove (ii). 
One defines projector pg and pg of Eg onto Eg and Eg corresponding 
to the decomposition Eg = Eg © Eg. This defines, by induction, pro- 
jectors on the space {ip _ {E^q)' that we will denote in the same way. 

Notice that Pq- is equal to P^. With these conventions, we define for 
One defines similarly ^g. Then 

^p'-,w ^A^' o *A(w.p^, p;, w.jQ5^) o \{w)i-^. 

is a well defined element of V^^ where Vy, := ^M^n«>.p(^-^x )■ define 
similarly ^p,_ ^ so that one has: 

We will prove that ^p,_ ^ = 0. We first study the restriction of ^g on 
the open (M' n w.P, M' fl if)-orbits. From the definition from Lemma 
3.3, one sees that if x = yz with y e W^, z e W^_i '^, 

^L(p(a^)jQ- oO = JQ-(^M(p(a;)0)• 
But X = yz = z'y with 2;' — yzy~^ e M and, with the notations of 
(3.19), one has: 

f-M{p{x)i) = k{x) = 5'^{z')k{y) = x{z')-'5'{z')r,y 
Hence, one has: 

fL{p{x)jQ- o = x{zT'jQ-{S'{z')rjy), 

and : 

Mpi^K) = 0. 

From the preceeding Lemma, one sees that the support of ^g has an 
empty interior. By structural transport the same is true for A(w) o . 
Hence by Lemma 5.5 and Lemma 7.1, one sees that the support of 
^p'- w empty interior. By Proposition 6.1, applied to M' and 
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X' = {{wx)\M'nw.M} instead of G and X, (^p,_ ^ is equal to zero for % 
element of an open dense subset, O" of Oq fl O'. Hence one has: 

^P'-,w = ^p'-^w- 

As is a linear form on iM''nw.p'^iiEQ)x\Mn^-iM')^ (i") follows. □ 

An if-form ^ on a smooth representation of G, (tt, V) is said H- 
cuspidal if jg^ = for all proper cr-parabolic subgroups of G. We 
denote by V^^g^ the space of cuspidal i7-forms on V. 



cusp 

We define 



E\d,H)cusp ■= ®xew^iE')^sp'" ■ 



Theorem 7.5. Let r] e E'{6,H)^usp- Let w E W{M'\G/M)^. With 
the notations of the preceeding Theorem, let x ^ O" and ^ = ^{P, 5^, f]). 

(i) Ifip,-^^ 7^ 0, one has M nw-\P' = M. 

(a) If M n w~^.P' — M, one defines '■— '^^^m whose elements 

are w.A„ = A'^-good. One can choose W^jyj such that for y' G yV^.M) 
there exists a unique y G ^ ^ ^ ^ u' = yh- 

Iff] G E'{w6, H), Pm'V '■= {Vy)v'pw'^' element of {wE)'{w5, M'n 

H). With these notations 

Cp'-,w = C{M' n w.P, wS^,pm'B{P^, w.P, wS^)r)), 

where the B-matices are defined with W^.m- 

(Hi) Let us assume that M' = M and A' = A. Then B{P',P,6^)r] 
is an element of E' {6, H) cusp- Hence B{P',P,5^) restricts to an endo- 
morphism of E'{6, H)cusp- 

Proof, (i) Let us assume that M n w~^P' ^ M. From the definition 
of E'{5, H)cusp and of Eq one will see that Eq is zero. In fact, as rjy 
is M n y.H cuspidal, one sees by a direct computation that S'{z')r]y is 
M n x.if-cuspidal and jQ-5'{z')r]y = 0. This implies that Eq — {0}. 
From tre preceeding Theorem, ^p'-,«, = 0. 

(ii) Let us assume Mnw~^.P' = M. Then the cr-stable Levi subgroup 
of is equal to w.M. 

If y' G M' is A^-good, P^y'H is open and P!^y'H = P'^yH for some 
element y of ^j. In particular y is A^-good. From (7.1), one sees 
that y' = lyh with / G M' H w.M, h G H. Changing y' to l^^y'. one 
may assume that y' = yh for some h G M' n H. This allows to choose 
W^Masin (ii). 
From Theorem 4.10 



^P'-,w 



^fw 'A{w.P,P'^M5x))Kw)i- 
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One has choosen W^j^^ := wW^ whose elements are w.Ao--good. 
Then, one sees that {wE)'{w5, H)cusp — E'{5, H)cusp, ^ {E') 



l\Mr\x.H 



cusp 

{{wE)')tsp^''^'""-"\ Also one has X{w)i{P,5^,r)) = iiw.PM^x)^^)- 
Hence from the definition of S-matrices one has: 

In order to prove the equality of the Theorem for x 
open dense subset of X{M), it is enough, due to Proposi- 
tion 6.1, to prove the equality of the values at every element, 

y', of of fM'aP:,,w{6^),B{P:^,w.P,wi6M) and i{M' n 

w.P,wS^,PM'B{P^,w.P,wS^),ri). This is easily seen from the defini- 
tions and from the fact that y' — yh for an element y of and 

heHnM'. 

(iii) We take w = 1 in (ii). Hence, one has: 

^p,-,^^B{P',P,d^)rieV{S,H) 

From (i) and the transitivity of the constant term, one sees that $,p'-^i G 
E'{S, H)cusp is M n i7-cuspidal. 

□ 

If P = MU is a (T-parabolic subgroup of G, let us recall that Am^ct 
denotes {AM)a- Let ^ajvfo- (I'esp ^^oJj^^) be the set of A G which 
are linear combinations of roots of Am,c in the Lie algebra of U with 
coefficients greater or equal to zero ( resp., greater than zero). 

Definition 7.6. Let (tt, V) be a finite length smooth representation 
of G and ^ an iif-form on V . Then ^ is said tempered (resp., square 
integrable) if and only for every cr-parabolic subgroup of G, P = Mf/, 
every exponent, %, of ^p- is such that Re(x) is element of '^a!^ ^ (resp 

++a'^,.)- 

If ^ is a tempered if-form we define its weak constant term 
(7.3) Cp-^ ^^-(^) 

xeExp(ep-),Re(x)=0 

Hence a square integrable iJ-form is a tempered iJ-form such that 
its weak constant term is zero for all proper cr-parabolic subgroups of 
G. Notice that Kato-Takano (cf. [KT2]) showed that, if vr is irreducible 
and has a unitary central character, an /f-form is square integrable if 
and only its generalized coefficients arc square integrable modulo the 
center. 

Lemma 7.7. (i) If ^ is a tempered H-form on V, is a tempered 
M n H-form on Vp. 
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(ii) If Q is a-parabolic subgroups of M and R = QU, one has: 

Proof. (i) and (ii) follow from the transitivity of the constant term (cf. 
[D3]). □ 

If {6, E) is a smooth unitary irreducible respresentation of M, let 
^iMnH space of square integrable M fl if- forms on E and let: 



E\5, H)2 = (B^ew^E. 



iMnx.H 
2 



Theorem 7.8. With the notations of the Theorem 7.4, let us assume 
S is unitary, rj G E'{6, H)2 and % G O" fl X[M)u. Then one has: 

(i) The H-form ^{P,6^,ri) is tempered. 

(ii) If we W{M'\G/M) is not in W{M'\G/M)^ or if M n w'^P' is 
distinct from M , then ,^p,_ ^ = 0. Otherwise, with the notations of the 
preceeding Theorem (ii): 

^p'-,n, = n w.P, w5^,pM'B{Pi, w.P, wS^)ri), 

where the B -matrices are defined with j^. 

(Hi) Let us assume that M' = M and A' = A. Then B{P',P,5^) 
restricts to an endomorphism of E'{S, 11)2. 

Proof. Let us use the notations of Theorem 7.4 (ii). Using the criteria 
of square integrability of Kato and Takano (see above), one sees by " 
transport de structure" that 5\z')rjy is square integrable. Moreover Q 
is a (Ta;-parabolic subgroup of M. Then (i) follows from Theorem 7.4 

(iii) and from our definition of square integrable forms. 

The proof of (ii)(rcsp., (iii)) is analogous to the proof of (i) and (ii) 
(resp., (iii) ) of the preceeding theorem. □ 

8. Constant term of Eisenstein integrals 

Let P — MU be a cr-parabolic subgroup of G. If / is a smooth 
function on II\G the constant term of / along P, fp, has been defined 
in [D3], section 3.3. It is a smooth function on M fl H\M . 
If (tt, V) is a smooth representation of G, ^ is an i7-form on V and v 
is an element of V , we denote by ^ the generalized coefficient defined 
by: 

Then (cf. [D3], Proposition 3.13) one has: 

(8-1) {C^,v)p = C^p-,vp, 

where ^p- = jq-^, vp = jpv 
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Definition 8.1. We define Atemp{H\G) to be tlie set of functions of 
the type c^^y for a finite lengtfi smooth representation (tt, V) of G and 
a tempered iJ-form on V. It is easily seen to be a vector subspace of 
the space of smooth functions on H\G. If / is such a generalized coef- 
ficient fp will denote the genelarized coefficient c^'^_,vp- It is naturally 
deduced from the constant term fp like in the definition of ^'p. , hence 
it does not depend of the presentation of / as a generalized coefficient. 

Definition 8.2. Let P = MU be a a-parabolic subgroup of G an let 
(5, E) be an irreducible smooth representation of M. Let rj e E'{6, H) 
such that ^{P, 5, rj) is defined. Then if v £ i'pE, one defines an element 
of C°°{H\G), E^{r]®v) by: 

E${v ® v){g) = 5, v,),fpa{g)v),g e G. 

Then, from Proposition 6.1, there exists a non zero polynomial function 

on X[M)„, b, such that for all v G i^f-^pE,r] G E'{S,H), the map 
X ^ b{x)Ep{ri ® v^){g) is polynomial in x G X{M)„. By bilinearity, 
we define similarly Ep{(f)) where is element of E'{6, H) ® ipE. 

Lemma 8.3. Let W{M'\G\M)^ the set of elements ofW{M'\G/M)„) 
such that w.M C M' Let w he an element of W{M'\G\M)„. For x 
element of an open dense subset of X{M)^ one has, with the notations 

of (in): 

Proof. If W{M'\G\M)a- is empty, there is nothing to prove. Other- 
wise let s G W{M'\G\M)fj. It is enough, by "transport de struc- 
ture", to prove the result for s~^.P', as the Jacquet modules for P' 
and s^^.P' of ipS^ are canonically isomorphic. So we may assume that 
1 G W{M'\G/M)„ and A' = A. By Lemma 4.7 applied to M' instead 
of G, one sees that for % element of a dense subset of X(M)c is 
irreducible for all w G W{M'\G/M)a: Hence ^^^^ — 7(P, w, x)<^x,w for 
an clement 7(P, w,x) of C*. The proof of the Lemma is then identical 
to the proof of Proposition V.1.1 in [Wal] (sec Equations V.l (2), (3) 
and (4)), where parabolic subgroups have to be replaced by cr-parabolic 
subgroups. □ 

Theorem 8.4. We keep the notations of Theorem 7.4- Let x be an el- 
ement of the dense open subset of X{M)„, O" . If w G W{M'\G\M)^, 
one defines a linear map C {w , P' , P, S-,^) from E'{S,H)) ipE^ in 
{wEy{wS, M' r\H)® i$^wE^ by : 

C{w, P', P, 5^) = PM'S(P;, w.P, wi5^)) (g) (A(P;, w.P, w{5^)X{w)). 
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Then, if (p E E'{6, H)cusp ® i'pEx (resp., E'{6, H)2® ipE^ and 6 and x 
are unitary), one has: 

E${<i))p, = (resp., £^^(0)p, = 0) ifW{M'\G\M)^ is empty. 
Otherwise Ep[(j))pi (resp., Ep{(j))p,) is equal to: 

E E^:^^_p{rM'{Ciw,P',P,5M)- 

weW{M'\G\M)^ 

Proof. By M'-equivariance, it is enough to prove the equahties of the 
Proposition evaluated at m' = 1. Then the result follows from the 
property (8.1) (resp., from the definition 8.1) together with Theorem 
7.4 (resp., Theorem 7.8). □ 

9. Appendix 

9.1. Covariant distributions on an homogeneous space. Let X 

be a totally disconnected topological space and let V he a. complex 
vector space. We denote by C^{X) (resp., C^{X,V)) the space of 
locally constant functions on X with compact support and with values 
in C (resp., V). Notice that C^{X, V) identifies with C~(X) ® V. Wc 
denote by 'D'{X, V) the space of linear forms on C^{X, V) which are 
called ^-distributions on X. The support of a ^-distribution on X is 
the complementary subset of the largest open subset O such that T 
restricted to C^{0) ®V is equal to zero. 

Let F be a closed subset of X and let O denote X\F. From the exact 
sequence: 

one sees that if T has support contained in F, then T defines a V- 
distribution on F which is called the distribution induced on F by T. 
Let {p,V) be a representation of a group J. Recall that Ho{J,V) 
denotes the quotient of V by the subspace generated by the elements 
of the form p{j)v — v,j G J,v G V. The dual of Hq{J,V) identifies 
with the space of J-fixed linear forms on V. 

Let G be a totally disconnected locally compact group and let H be 
a closed subgroup of G. Let (tt, E) be a smooth representation of G. 
One denotes by mrf^TT the right regular representation of G in the space 
indffE of functions, /, from G to V, left invariant by a compact open 
subgroup of G, with compact support modulo H and such that: 

f{hg) = n{h)f{g),heH,geG. 

Let X be a totally disconnected space on which G acts continuously. 
A ^-distribution on X, T, is said 7r-covariant if : 

r(/-7r(^)L,/) = o,/ecr(x)®y. 
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Lemma 9.1. Let T be a n-covariant distribution on G/H. Let us 
denote by dig (resp., dih) a left invariant Haar measure on G (resp 
H). Let us denote by 5a the modulus function of G, which satisfies: 

/ f{99o)dig = Scigo) / f{g) digj e Cc{G),go e G. 
Jg Jg 

We define a linear map from G^{G) <^V to G^{G/H) V by: 
MnfigH) := / f{gh) dih, f G C^{G) ® V. 

JH 

Then there exists a unique rj &V' such that 

{T, Muf) = f {7r'{g)v, f{g)) dig, f e C^G) ® V. 
Jg 

The linear form rj will be called the value at 1 ofT and denoted eviT 
orT{l). Moreover: 

n'(h)ri = 5H\h)5G(h)r], h e H. 
If G/H has a left invariant measure by G, one has 

(T, /) = / (7r'(^)r;, f{gH)) dgH, f e Cr{G/H) ® V. 
Jg/h 

Proof. Let us assume first that H — {!}. We remark that T e 
{Ho{G,C^{G) (8) V)))' where G acts on C^{G) ® V by the tensor 
product L ® TT of the left regular representation with tt. Prom [BD] 
Prop. 1.13 (iv), one sees: 

The map / G C^{G) ®V t-^ '^{9^^)f{9) dig goes through 

(9.1) the quotient to an isomorphism of Hq{G, C^{G) (8) V)) with 
V 

Hence T defines rj eV hy " transport de structure" . One sees that T 
verifies : 

(9.2) (T, /) = / {7r'{g)7j, f{g)) dig, f G (G, V). 

Jg 

which proves our claim when H = {1}. 

In general, we intoduce a ^-distribution on G, T, by 

{f,f)^{T,MHf),feC^(G)®V. 

We can apply to T, which is 7r-covariant, the first part of the proof. 
Now one has 

MHRhf = SH{h)MHf G (G) ® E, 
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which imphes 

(f , RJ) = 6Hih){f, f),fe (G) ® V. 
Hence, it foUows from (9.2) apphed to T that 

{f,Rnf)^5H{h) [ {v, Trig)-' m) dig. 

JG 

But, using again (9.2), one has: 

(f,i?,/)= / {'K'{g)r),f{gh))dig^5G{h) [ {7r'(g)7r'(h-')ri, f(g)) dig. 

JG JG 

From the preceeding equahties one deduces 

5H{h) [ {ri,7r{g)-'f{g))dig^5G{h) [ {n'{h-')ri,7r{g)-'f{g)) dig. 

JG JG 

Then (9.1) imphes: 

7r'{h)7] = 6H\h)6G{h)7],he H. 

□ 

9.2. Bernstein's parameters of finite length smooth modules. 

The Bernstein's center [DeliBe], ZB{G), identifies with an algebra of 
functions on the set, 0,(G), of G-conjugacy classes of cuspidal pairs 
i.e. pairs {L,uj), where L is a Levi-subgroup of G and uu is a smooth, 
irreducible cuspidal representation of L. Here cuspidal means that the 
smooth coefficients of the representation are compactly supported mod- 
ulo the center. 

If {L,uj) is such a pair, we denote by {L,uj)g its conjugacy class under 
G. If A G ^{G), we denote by xa the character of ZB{G) given by 
the evaluation at A and I\ the kernel of x\- It is a maximal ideal of 
ZB{G). We say that xa has Bernstein parameter A. 
Let (tt, V) be smooth G-module of finite length. We say that 
{Ai, ....... Ap} C VL{G) is the set of Bernstein's parameters of (tt, V), 

if V splits as direct sum of G-modules Vi® ■ ■ ■ ®Vp such that Vi is non 
reduced to {0} and is annihilated by a power of the ideal /a^ of ZB(G). 
Then one sees easily: 

If X is an unramified character of G and if the 

, . set of Bernstein's parameter of (vr, V) is equal to 
^ ■ ' {Li, c<;i)g, • • • , {Lp, uJj^g}) the set of Bernstein's parameter of 
(vrOx, V) is to equal to {Li,uji®X\l^)g^ (Lp, WpOxiLjc}- 

Let P be a parabolic subgroup of G with Levi subgroup M and let 
{6, E) be a smooth representation of M with set of Bernstein's param- 
eters {Li^uiijMi ■ ■ ■ , {Lp, uJp)m}, where (Lj, oui) is a cuspidal pair for M. 
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Then, one has: 

The set of Bernstein's parameters of (ip£^, ip5) is 

The following is an immediate consequence of the splitting of the cat- 
egory of smooth modules ( cf. [Be], [R]) 

If one has a short exact sequence ^ Vi ^ V2 ^ V3 — )■ of 
/q p.x finite length smooth M'-modules such that Vi and V3 have 
^ ' ^ disjoint sets of Bernstein's parameters, then V2 is isomorphic 

to the direct sum of Vi ® V3. 

9.3. Some results on cr-parabolic subgroups. In this subsection, 
we change slightly the notations of the main body of the article. 

Lemma 9.2. Let G be a connected algebraic group acting over the non 
empty variety X . 

(i) Let X E X. Then Y = Gx is a smooth locally closed subset of X . 

(a) There exists at least one closed orbit. 

(Hi) Let Gx be the stabilizer of x in G. Then dimY = dimG — dimG^- 

Proof, (i) and (ii) follows from [Hu], Proposition 8.3. 
(iii) The morphism G — >■ G.x is dominant: this morphism is surjective 
and G is irreducible, hence G.x is also irreducible and our claim follows 
from the discussion in the middle of [Bo], Ch. AG. 8.2. Then, the 
assertion on dimensions follows from [Bo], Ch. AG. 10.1, with X = G, 
Y = G.x, W = X, Z the neutral component of G^;. □ 

Lemma 9.3. Let G be a connected algebraic group acting over an ir- 
reducible nonsingular variety X , with a finite number of orbits. 
If an orbit, X' , of G in X has the same dimension than X, then, X' 
is open in X. 

Proof. We use induction on the number of orbits. If this number is 
1, our statement is clear. Otherwise, if this number is greater than 
1, let y be a closed orbit in X. Then Y is not equal to X. As G is 
connected, Y is irreducible. It follows from [Hu], Proposition 3.2, that 
dim Y < dim X. Then X \ Y contains X' and is irreducible as Y is 
closed and X is irreducible. Moreover the action of G on X induces an 
action on X \ y. One applies the induction hypothesis. □ 

Let G be a connected reductive group defined over a local field k of 
characteristic different from 2. Let P, Q be two parabolic subgroups of 
G defined over k. Let G^ be the set of /c-points of G. We have similar 
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notations for subgroups of G. 
Let us show: 

The /c-parabohc subgroups of G, P and Q are opposed if and 

(9.6) only if fl Qk is equal to where M is a common Levi 
to P and Q. 

If P and Q are opposed PflQ is equal to their common Levi subgroup, 
M, and it is clear that Pk^Qk — Mk- Reciprocally if Pkr\Qk — Mk, 
then P (1 Q contains the Zariski closure of Mk which is equal to M 
by [Bo], Corollary 18.3. By looking to the A;-parabolic subgroups of G 
with Levi subgroup M, one sees that only the /c-parabolic subgroup 
opposed to P satisfies Pk^Qk = Mk- This proves our claim. 
Hence if a is an involution of G defined over k and P is a parabolic 
subgroup of G defined over A;, P is a cr-parabolic of G if and only Pk is 
a cr-parabolic subgroup of Gk- 
Let us show: 

If P is a (T-parabolic subgroup of G, p + h = g, where g 

(9.7) (resp., p) is the Lie algebra of G (resp., P) and h is the Lie 
algebra of the fixed point group of a. 

As P is a (T-parabolic subgroup of G, p + (t{p) — g. Hence any X & g 
is of the form to Y + a{Z) with Y,Z & p. Hence, one has: 

X^Y-Z+{Z + a{Z)). 

The result follows from the fact that h is equal to the fixed point set 
of o" in (? ( cf. [Ri], proof of Lemma 2.4). Let H be an open subgroup, 
defined over k, of the fixed points group of a. Wc will show: 

Let P be a cr-parabolic subgroup of G defined over k. 
Then: 

^^'^^ a)HP is open in G, 
h)HkPk is open in Gk 

The assertion a) follows from [HW] Lemma 4.8. The assertion b) re- 
duces to the case where P is a minimal cr-parabolic subgroup of G 
defined over k. In that case it follows from [HW], Definition 13.1 and 
Proposition 13.4. 

Lemma 9.4. Let P be a a-parabolic subgroup of G defined over k. 
Let X e Gk- 

The following conditions are equivalent: 
(i) HkxPk is open in Gk- 
(a) HxP is open in G- 

(iii) X e HP. 

(iv) xPx~^ is a a-parabolic subgroup of G defined over k- 
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Proof, (i) implies (ii): Let P' be a minimal /c-parabolic subgroup of G 
contained in P. There are finitely many (if^, P^)-double cosets in Gk 
(cf. [HW], Corollary 6.16). Hence HkxPk contains an open (iffc,P^)- 
double coset, H^x'Pk with x' = xp and p G Pk- From [HH], Proposition 
3.5, one sees that x'.P' is contained in a minimal cr-parabolic subgroup 
of G, hence Hx'P' is open in G by [HW], Lemma 4.8. Hence Hx'P — 
HxP is open in G. Hence (i) implies (ii). 

(ii) implies (iii): as the complementary set of an open (iJ, P)-double 
coset in G is closed and as G is connected, hence irreducible, there is 
only one open (iJ, P)-double coset in G. Prom (9.8) a), one knows that 
HP is open. Hence (ii) implies (iii). 

(iii) implies (iv) because the conjugacy by an element of H of preserves 
the set of cr-parabolic subgroups of G. 

(iv) implies (i) follows from (9.8) b). □ 

10. Compact open subroups of Lie groups over F 

Let G be a Lie group over F in the sense of [Bou] Ch.HLl, Definition 

L.and let g be its Lie algebra. 

We will use an idea given by Deligne in [DcliBc], top of p. 16. Wc fix 
an analytic bijective map iJj : V ^ W between an open neighborhood 
y of in to an open neighborhood, W, of 1 in G. We assume that 
its differential at is the identity. Such a map will be called a good 
chart at 1 for G. 

Lemma 10.1. Let ^ be the the maximal ideal of the ring of integers, 
D ofF. We fix a basis (Xj) of g. 

(i) Let Ang (resp. Ag) be the '^"'-module ( resp O-module) generated 
by the X^. It is a basis of neighborhoods ofO in q. Let be the image 
of Ang by ip, which is defined for n large enough. 

For n large enough, Jn is a compact open subgroup of G. 

(ii) If J'n is defined with an other good chart one has Jn — Jn for n 
large enough. 

(iii) Let Q be a family of automorphisms of the Lie group G whose 
differential preserves Ag. Then it preserves Ang for all n e N*. We 
assume moreover that O has the structure of compact analytic manifold 
over F and that the map Q x G ^ G, {6,g) ^ 9{g) is analytic. Then 
for n large enough, Jn is invariant by every 9 E Q. 

(iv) Let us ssume that we are given three closed Lie subgroups of G, 
Gi, G2, G3 and vector subspaces of g, g'. C g., i — 1,2,3, such that 
Ag — Ag n q'^O Ag n q'^O Ag n Then for n large enough one has: 

Jn = (Jn n Gi){Jn H G'2)(J„ H Gg). 
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Proof, (i) The fact that J„ is compact and open follows from the fact 
that AnQ is compact and open. We choose n large enough so that 

JnJn C W. 

Denote by Xj the j-th coordinate map on g. We define: 

\X\ — Supj\xj{X)\F 

Let X,X' e AnQ, and let us study Xj{'ilj~^{'ip{X)'ilj{X'))). By our hy- 
pothesis on i/j and from the formula of the differential of the product 
in G, one sees that the differential of this map of (X, X') is simply 
{X,X') + The definition of the differential shows 

that: 

Xj{ij-\iP{X)ij{X'))) = xj{X) + Xj{X') + Sup{\X\, \X'\)e{X,X'). 

where e{X,X') tends to zero if (X, X') tends to (0,0). Let no be large 
enough such that |£(X, X')| < 1 for X, X' in A^^^f. One deduces from 
the abov equahty that for n e N larger than no, jf G Kn for all 
e Jn- One sees similarly that e Jn if j £ Jn and n is larger 
than no- Then (i) follows. 

(ii) One proceeds as in (i), by considering the map X 
Xj{ip^^{ip{X){tp'{X))^^)), whose differential at is equal to zero. Ar- 
guing as in (i), for n large one sees that tlj{X){ip'{X))''^ e Jn+i- 
if X G Ang. Hence if j G Jn, we have found / G J'^ such that 

G Jn+i- Using that J!^ is a group, and proceeding inductively, 
we find a sequence (j^) in J/^ such that j{jp)~^ G J^+p- Hence j'p con- 
verges to j. But is compact. Hence j G J'^ and d J'^- The reverse 
inclusion is proved similarly. This proves (ii). 

(iii) We denote also by 9 the differential at 1 of an clement ^ of 0. 
Shrinking V if necessary, let us consider the analytic map from y x ^2 
to gi, (6*, X) I—)- ■?/'~-^[6'~"^('?/^(6'(X)))], whose partial derivative in X at any 
element (0, 9) is equal to zero. One fixes G ©. Proceeding as above, 
i.e. using the differential of our map at (0, ^o), we find a neighborhood 
of 6*0, V^o, such for n large enough, all the elements of V^,, preserve Jn- 
Then (iii) follows from the compacity of O. 

(iii) Let ■^j be a good chart at zero of Gi, i — 1,2,3. Prom the first 
part of the Lemma, one can use the following function to study J„. 

^(Fi + Y, + Y,) = i,,JY^)^P,JY2)^,JY^), Y, eg;.,i = 1, 2, 3. 

Prom the definition of J„ it is clear that 

Jn C {Jn n Gi){Jn D G'2)(J„ D Gg). 



The reverse inclusion being clear this proves the Lemma. 



□ 
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Lemma 10.2. If G_C GL{n) is a linear algebraic group define over F, 
the group G — G(F) has a structure of analytic Lie group, whose Lie 
algebra g is the Lie algebra of F -points of the Lie algebra of G. 

Proof. Let /i = 0, fp = be a set of equations, with coef- 
ficients in F defining G. One defines tfie analytic structure on G 
by applying the constant rank theorem to the map GL[n, F) F^, 
g {fi{g), . . . , fp{g)). It has the required property. □ 
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